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Abstracts of Talks

Ana Maria Acu m
Lucian Blaga University of Sibiu, Romania

Applications of Ohlin lemma and Levin-Stec̆kin inequalities
(joint work with Ioan Raşa)

Let n ≥ 1 and an,j := 4−n
(

2j
j

)(
2n−2j
n−j

)
, j = 0, 1, . . . , n. The probability distribution (an,j)j=0,...,n is

involved in the study of some entropies: see [1], where two proofs of the inequality

1

n+ 1

n∑
j=0

f(j) ≤
n∑
j=0

an,jf(j), f : R→ R convex, (1)

are given. One proof is based on the Ohlin Lemma. In this talk we discuss the connection of (1)
with the Levin-Stec̆kin inequalities. New inequalities are obtained for strongly convex functions,
combining (1) with results from [2]. Finally, we obtain estimates for the information potential
associated with the distribution (an,j)j=0,...,n.

References

[1] Acu, Ana Maria, Gulen Başcanbaz-Tunca, and Ioan Raşa. "Bounds for indices of coincidence
and entropies." Math. Inequal. Appl. 24, no. 2 (2021): 307-321.

[2] Nikodem, Kazimierz, and Teresa Rajba. "Ohlin and Levin-Stečkin-type results for strongly
convex functions." Ann. Math. Sil. 34, no. 1 (2020): 123-132.
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Mirosław Adamek
University of Bielsko-Biala, Poland

Some remarks about convex sequences

Let Z be a set of consecutive integers with (Z) ≥ 3. A sequence of real numbers (an)n∈Z is called
convex (see [2]), if it satisfies the following inequality

an ≤
an−1 + an+1

2

for all n− 1, n, n+ 1 ∈ Z.
In this talk we will recall some known facts about convex sequences and give a discreet version of
the result presented in [1], i.e. we will give a necessary and sufficient condition for the separation
of two sequences with a convex sequence. As a consequence of a separation theorem we will obtain
Hyers–Ulam stability type result for convex sequences. We will also give, as a consequence of the
presented results for convex sequences, results concerning generalized convex sequences in the sense
of [3].

References

[1] Baron, Karol, Janusz Matkowski, and Kazimierz Nikodem. "A sandwich with convexity." Math.
Pannon. 5, no. 1 (1994): 139-144.

[2] Mitrinović, Dragoslav S., and Petar M. Vasić. Analytic Inequalities. New York: Springer-Verlag,
1970.

[3] Tabor, Jacek, Józef Tabor, and Marek Żołdak. "Strongly convex sequences." In: Inequalities
and applications 2010, 183-188. Vol. 161 of International Series of Numerical Mathematics.
Basel: Birkhäuser, 2012.
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Javid Ali m
Aligarh Muslim University, India

Fixed Point Iterations: Convergence, stability and data dependence results

In this talk we discuss a newly introduced two step fixed point iterative algorithm. We prove,
under certain conditions, a strong convergence result for weak contractions T : C → C, where C is a
nonempty, closed and convex subset of a Banach space. We also prove stability and data dependency
of a proposed iterative algorithm. Furthermore, we utilize our main result to approximate the
solution of a nonlinear functional Volterra integral equation.

References

[1] Ali, Javid, Mohd Jubair, and Faeem Ali. "Stability and convergence of F iterative scheme
with an application to the fractional differential equation". Engg. with Comp. (2020): Online
published.

[2] Berinde, Vasile. "Summable almost stability of fixed point iteration procedures." Carpathian J.
Math. 19, no. 2 (2003): 81-88.

[3] Berinde, Vasile. Iterative approximation of fixed points. Vol. 1912 of Lecture Notes in Mathe-
matics. Berlin Heidelberg: Springer-Verlang, 2007.

[4] Harder, Alberta Marie. Fixed point theory and stability results for fixed point iteration proce-
dures. Vol. 634 of Doctoral Dissertations. University of Missouri–Rolla, 1987.

[5] Rus, Ioan A., and Sorin Mureşan. "Data dependence of the fixed points set of weakly Picard
operators." Studia Univ. Babeş-Bolyai Math. 43, no. 1 (1998): 79-83.

Ljiljana Arambašić m
University of Zagreb, Croatia

Strong Birkhoff–James orthogonality in commutative C∗-algebras
(joint work with Alexander Guterman, Bojan Kuzma, Rajna Rajić, and Svetlana Zhilina)

General normed spaces are not equipped with an inner product. Nonetheless, there do exist several
nonequivalent extensions of orthogonality from inner product spaces to general normed ones. One
of the most well-known is the Birkhoff–James orthogonality: if X is a normed space and x, y ∈ X,
then x is Birkhoff–James orthogonal to y if ‖x+ λy‖ ≥ ‖x‖ holds for all scalars λ. In a C∗-algebra
A we can also discuss the case when x ∈ A is Birkhoff–James orthogonal to all the elements of the
form ya, a ∈ A. In this case we say that x is strongly Birkhoff–James orthogonal to y. We discuss
this kind of orthogonality in commutative C∗-algebras.
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Karol Baron
University of Silesia, Katowice, Poland

Strong law of large numbers for iterates of some random-valued functions
(joint work with Rafał Kapica)

Fix a probability space (Ω,A, P ) and a metric space X. Let B denote the σ–algebra of all Borel
subsets of X. We say that f : X×Ω→ X is a random–valued function (an rv–function for short) if
it is measurable with respect to the product σ–algebra B ⊗A. The iterates of such an rv–function
are given by

f0(x, ω1, ω2, . . .) = x, fn(x, ω1, ω2, . . .) = f
(
fn−1(x, ω1, ω2, . . .), ωn

)
for n ∈ N, x ∈ X and (ω1, ω2, . . .) from Ω∞ defined as ΩN. Note that fn : X × Ω∞ → X is for
every n ∈ N an rv–function on the product probability space (Ω∞,A∞, P∞). See [4], Sec. 1.4, and
[2].
Many results on the convergence of such iteration sequences can be found in the literature. They
concern different type of convergence and are given under suitable assumptions concerning both
the metric space and the rv–function. We accept the following hypothesis:
(H) (X, ρ) is a complete and separable metric space and f : X × Ω → X is an rv–function such

that ∫
Ω
ρ
(
f(x, ω), f(z, ω)

)
P (dω) ≤ λρ(x, z) for x, z ∈ X

with a λ ∈ (0, 1), and ∫
Ω
ρ
(
f(x, ω), x

)
P (dω) <∞ for x ∈ X.

Then (see [1] and [3]) there exists a probability Borel measure πf on X such that for every x ∈ X
the sequence of distributions of fn(x, ·), n ∈ N, converges weakly to πf and∫

X
ρ(x, z)πf (dz) <∞.

We are looking for conditions that imposed on the rv–function f : X × Ω → X and a function
ψ : X → R provide that for every x ∈ X we have

lim
n→∞

1

n

n∑
k=1

ψ ◦ fk(x, ·) =

∫
X
ψdπf a.e. for P∞.

References

[1] Baron, Karol. "On the convergence in law of iterates of random-valued functions." Aust. J.
Math. Anal. Appl. 6, no. 1 (2009): Art. 3.

[2] Kapica, Rafał. "Sequences of iterates of random-valued vector functions and solutions of re-
lated equations." Österreich. Akad. Wiss. Math.-Natur. Kl. Sitzungsber. II 213 (2004): 113-118
(2005).

[3] Kapica, Rafał. "The geometric rate of convergence of random iteration in the Hutchinson dis-
tance." Aequationes Math. 93, no. 1 (2019): 149-160.

[4] Kuczma, Marek, Bogdan Choczewski, and Roman Ger. Iterative Functional Equations. Vol. 32
of Encyclopedia of Mathematics and its Applications. Cambridge: Cambridge Univ. Press, 1990.

7



Chaimaa Benzarouala m
Mohammed V University in Rabat, Morocco

A fixed point approach to the Ulam-Hyers-Rassias stability of a generalized
linear functional equation

(joint work with Lahbib Oubbi)

During this talk, we introduce the general functional equation

m∑
i=1

Ai
(
f(ϕi(x̄))

)
+ b = 0, x̄ := (x1, . . . , xn) ∈ Xn,

and study its Ulam-Hyers-Rassias stability and hyperstability, using a fixed point approach, where
m and n are positive integers, f is a mapping from a vector spaceX into a Banach space (Y, ‖·‖), and
for every i ∈ {1, . . . ,m}, ϕi is a linear mapping from Xn into X, Ai is a continuous endomorphism
of Y and b ∈ Y . Our result covers most of the former ones in the literature concerning the stability
and hyperstability of linear functional equations, as well as new situations. This talk is based on
the article [3].

References

[1] Bahyrycz, Anna, and Jolanta Olko. "On stability of the general linear equation." Aequationes
Math. 89, no. 6 (2015): 1461-1474.

[2] Bahyrycz, Anna, and Jolanta Olko. "Hyperstability of general linear functional equation." Ae-
quationes Math. 90, no. 3 (2016): 527-540.

[3] Benzarouala, Chaimaa, and Lahbib Oubbi. "Ulam-stability of a generalized linear functional
equation, a fixed point approach." Aequationes Math. 94, no. 5 (2020): 989-1000.

[4] Brzdęk, Janusz, Jacek Chudziak, and Zsolt Páles. "A fixed point approach to stability of func-
tional equations." Nonlinear Anal. 74, no. 17 (2011): 6728-6732.

[5] Zhang, Dong. "On hyperstability of generalised linear functional equations in several variables."
Bull. Aust. Math. Soc. 92, no. 2 (2015): 259-267.

[6] Oubbi, Lahbib. "Ulam-Hyers-Rassias stability problem for several kinds of mappings." Afr.
Mat. 24, no. 4 (2013): 525-542.
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Zoltán Boros m
University of Debrecen, Hungary

Conditionally linked monomial functions
(joint work with Edit Garda-Mátyás)

Among others, we establish the following generalized versions of our recent statements [2].

Theorem 1. Suppose that f , g : R→ R are generalized monomials of degree n ∈ N that satisfy the
additional equation ynf(x) = xng(y) under the condition y = amx

m + am−1x
m−1 + · · ·+ a1x+ a0 ,

where m ∈ N , ai ∈ R (i = 0, . . . ,m) are fixed such that am 6= 0 and a0 6= 0 . Then f(x) = g(x) =
xnf(1) for all x ∈ R .

Theorem 2. Let n ∈ { 1, 2, 3 }. If m ∈ Z , |m| > 2 and f : R → R is a generalized monomial of
degree n that satisfies the additional equation ynf(x) = xnf(y) under the condition y = xm , then
f(x) = xnf(1) for all x ∈ R .

Our former results [1] for the case n = 2 indicate that we cannot immediately extend the latter
statement for two generalized monomials in the conditional equation.
Further similar problems, statements and counterexamples are presented as well.

References

[1] Boros, Zoltán, and Edit Garda-Mátyás. "Conditional equations for quadratic functions." Acta
Math. Hungar. 154, no. 2 (2018): 389-401.

[2] Boros, Zoltán, and Edit Garda-Mátyás. "Conditional equations for monomial functions." Publ.
Math. Debrecen (accepted).
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Pál Burai
Budapest University of Technology and Economics, Hungary

Random means generated by random variables: expectation and limit
theorems

(joint work with Mátyás Barczy)

We introduce the notion of a random mean generated by a random variable and give a construc-
tion of its expected value. We derive some sufficient conditions under which strong law of large
numbers and some limit theorems hold for random means generated by the elements of a sequence
of independent and identically distributed random variables.

References

[1] Baron, Karol. "Weak law of large numbers for iterates of random-valued functions." Aequationes
Math. 93, no. 2 (2019): 415-423.

[2] Baron, Karol, and Witold Jarczyk. "Random-valued functions and iterative functional equa-
tions." Aequationes Math. 67, no. 1-2 (2004): 140-153.

[3] Beliakov, Gleb, Humberto Bustince Sola, and Tomasa Calvo Sánchez. A practical guide to
averaging functions. vol. 329 of Studies in Fuzziness and Soft Computing. Cham: Springer,
2016.

[4] Borsato, Luísa , Eduardo Horta, and Rafael Rigão Souza. "A characterization of the strong law
of large numbers for Bernoulli sequences." arXiv (2020): arxiv.org/pdf/2008.00318.pdf.

[5] Cohn, Donald L. Measure theory. Boston, Mass.: Birkhäuser, 1980.
[6] Hytönen, Tuomas, Jan van Neerven, Mark Veraar, and Lutz Weis. Analysis in Banach spaces.

Vol. I. Martingales and Littlewood-Paley theory, vol. 63 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Cham: Springer,
2016.

[7] Jarczyk, Justyna, and Witold Jarczyk. "Invariance of means." Aequationes Math. 92, no. 5
(2018): 801-872.

[8] Jarczyk, Justyna, and Witold Jarczyk. "Gaussian iterative algorithm and integrated automor-
phism equation for random means." Discrete Contin. Dyn. Syst. 40, no. 12 (2020): 6837-6844.

[9] Kallenberg, Olav. Random measures, theory and applications, vol. 77 of Probability Theory and
Stochastic Modelling. Cham: Springer, 2017.

[10] Kuo, Hui Hsiung. Gaussian measures in Banach spaces. vol. 463 of Lecture Notes in Mathe-
matics. Berlin-New York:Springer-Verlag, 1975.

[11] Páles, Zsolt, and Amr Zakaria. "On the local and global comparison of generalized Bajrak-
tarević means." J. Math. Anal. Appl. 455, no. 1 (2017): 792-815.

[12] Panaretos, Victor M., and Yoav Zemel. An invitation to statistics in Wasserstein space. Cham:
Springer, 2020.

[13] Villani, Cédric. Topics in optimal transportation. Providence, RI: American Mathematical
Society (AMS), 2003.

[14] Wong, Willie. "Continuity of the infimum." Bubbles Bad; Ripples Good, Blog, 2011.
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Gopalakrishna Chaitanya m
Indian Statistical Institute, Bangalore, India

Square roots of functions

An iterative square root of a function f is a function g such that g
(
g(·)
)

= f(·). We discuss a new
result on the nonexistence of iterative square roots of self-maps on arbitrary sets and use it to show
that continuous self-maps without iterative square roots are dense in the space of all continuous
self-maps on the unit cube in Rm. This talk is based on a joint work with B. V. Rajarama Bhat.
(see https://arxiv.org/abs/2105.02171).

Jacek Chmieliński
Pedagogical University of Krakow, Poland

On continuity of seminorms
(joint work with Moshe Goldberg)

Let X be an infinite-dimensional real or complex vector space. We study the continuity and
discontinuity properties of seminorms with respect to norm-topologies on X. In particular, the
following problems are considered:

• the existence of a norm on X, with respect to which a given seminorm is continu-
ous/discontinuous;

• the existence of a norm on X, with respect to which all seminorms are continu-
ous/discontinuous;

• the equivalence of norms, such that a given seminorm is continuous/discontinuous with respect
to all of them.

References

[1] Goldberg, Moshe. "Continuity of seminorms on finite-dimensional vector spaces." Linear Algebra
Appl. 515 (2017): 175-179.

[2] Chmieliński, Jacek, and Moshe Goldberg. "Continuity and discontinuity of seminorms on
infinite-dimensional vector spaces." Linear Algebra Appl. 578 (2019): 153-158.

[3] Chmieliński, Jacek, and Moshe Goldberg. "Continuity and discontinuity of seminorms on
infinite-dimensional vector spaces. II." Linear Algebra Appl. 594 (2020): 249-261.
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Jacek Chudziak
University of Rzeszów, Poland

On existence and properties of the principle of equivalent utility

The principle of equivalent utility is one of the methods of insurance contract pricing. If w ∈ R is
an initial wealth of the insurance company and u : R→ R is its continuous and strictly increasing
utility function, then the premium of equivalent utility for a risk X, represented by a non-negative
bounded random variable on a given probability space, is defined as a solution H(w,u)(X) of the
equation

E[u(w +H(w,u)(X)−X)] = u(w). (1)

Several results concerning the principle defined by (1) can be found e.g. in Bowers et al. [1],
Bühlmann [2], Gerber [3] and Rolski et al. [6].
Recently, the principle of equivalent utility has been extended onto various models of decision
making under risk. Heilpern [4] proposed and investigated the principle under rank-dependent
utility model. Kałuszka and Krzeszowiec [5] introduced the principle of equivalent utility based on
Cumulative Prospect Theory. In this setting the principle is defined through the equation

Egh

[
u
(
w +H(w,u,g,h)(X)−X

)]
= u(w), (2)

where Egh is the the generalized Choquet integral with respect to to the probability weighting
functions g (for gains) and h (for losses) – cf. [5].
In the talk we establish a necessary and sufficient condition for the existence and uniqueness of
the principle defined by (2). Furthermore we provide the characterizations of some important
properties of the princilpe.

References

[1] Bowers, Newton Lynn, Hans-Ulrich Gerber, James Charles Hickman et al. Actuarial Mathe-
matics. Itasca, Illinois: The Society of Actuaries, 1986.

[2] Bühlmann, Hans. Mathematical Models in Risk Theory. Berlin: Springer, 1970.
[3] Gerber, Hans-Ulrich. An Introduction to Mathematical Risk Theory. S. S. Huebner Foundation,

Homewood Illinois: R.D. Irwin Inc., 1979
[4] Heilpern, Stanisław. "A rank-dependent generalization of zero utility principle." Insurance

Math. Econom. 33, no. 1 (2003): 67-73.
[5] Kałuszka, Marek, and Michał Krzeszowiec. "Pricing insurance contracts under Cumulative

Prospect Theory." Insurance Math. Econom. 50, no. 1 (2012): 159-166.
[6] Rolski, Tomasz, Hanspeter Schmidli, Volker Schmidt, et. al. Stochastic Processes for Insurance

and Finance. New York: John Wiley & Sons, 1999.
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Beata Deręgowska
Pedagogical University of Krakow, Poland

Quasiarithmetic-type invariant means on probability space
(joint work with Paweł Pasteczka)

For a family (Ax)x∈(0,1) of integral quasi-arithmetic means satisfying certain measurability-type

assumptions we search for an integral mean K such that K
((

Ax(P)
)
x∈(0,1)

)
= K(P) for every

compactly supported probability Borel measure P. Also some results concerning the uniqueness of
invariant means will be given.

References

[1] Deręgowska, Beata, and Paweł Pasteczka. "Quasi-arithmetic-type invariant means on probabil-
ity space." Aequationes Math. 95, no. 4 (2021): 639-651.

13



Hojjat Farzadfard m
Islamic Azad University, Shiraz, Iran

On the Real Poincaré Functional Equation

Let I be a real interval, f : I → I and α ∈ R. A real Poincaré functional equation is of the form

ψ(αx) = f
(
ψ(x)

)
, (x ∈ I),

where a function ψ : R→ I is unknown. We deal with the case where I is a compact interval and
a continuous periodic solution ψ is desired. This talk is based on the papers [1] and [2]. The main
results are as follows:
We call a function ψ : R→ R a cosine-like function provided that ψ is continuous, nonconstant
and periodic, moreover, if λ is the principal period of ψ, then

1. ψ is even, in particular ψ(x) = ψ(λ− x) for all 0 ≤ x ≤ λ.

2. If x and y are two distinct points in the interval [0, λ] and ψ(x) = ψ(y), then y = λ− x.

3. ψ attains one of its absolute extrema at 0 and the other at λ/2.

4. ψ is strictly increasing on one of the intervals [0, λ/2] and [λ/2, λ] and strictly decreasing on
the other.

Let I be a compact interval of positive length, f : I → I and k ∈ N. We say that f is a fluctuating
function of rank k provided that there exists a partition a0 < a1 < . . . < ak of I such that for
each 0 ≤ j < k the function f is strictly monotone on the interval [aj , aj+1] and f

(
[aj , aj+1]

)
= I.

The node vector of f is denoted by Node(f) = (a0, . . . , ak). Also

Node∞(f) :=

∞⋃
n=1

Node(fn).

Theorem 1 (The Existence Theorem). Let I = [a, b] be a compact real interval and f : I → I
be a fluctuating function of rank k > 1. The following statements are equivalent:

1. For every λ > 0 the equation ψ(kx) = f
(
ψ(x)

)
has a solution ψ which is a cosine-like function

with the principal period λ.

2. Node∞(f) is dense in I.

Theorem 2 (The Uniqueness Theorem). Let ψ : R→ I and φ : R→ I be two solutions of the
Poincaré functional equation ψ(kx) = f

(
ψ(x)

)
with ψ cosine-like and φ non-constant, continuous

and periodic, where k > 1 is an integer. Then there exist a positive real number ω and an integer
m such that φ(x) = ψ

(
ωx+mλ/(k − 1)

)
, (x ∈ R), where λ is the principal period of ψ.

References

[1] Farzadfard, Hojjat. "Periodic solutions of the Poincaré functional equation: existence." J. Math.
Anal. Appl. 498, no. 1 (2021): Art. no. 124933.

[2] Farzadfard, Hojjat. "Periodic solutions of the Poincaré functional equation: uniqueness." Proc.
Amer. Math. Soc. (2021). https://doi.org/10.1090/proc/15682.
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Żywilla Fechner m
Lodz University of Technology, Poland

Moment functions and exponential monomials on commutative hypergroups
(joint work with Eszter Gselmann and László Székelyhidi)

In this talk we are going to discuss a connection between moment functions and exponential mono-
mials on commutative hypergroups. At the beginning we are going to give a brief motivation of
the problem. In particular, we formalize the notions of an exponential monomial and moment
functions. We want to find conditions under which exponential monomials can be expressed in
terms of generalized moment functions. We present one of possible conditions and discuss some
possible ways for further researchs.
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Alternative Cauchy equation in three unknown functions

In this paper we deal with the product of two or three Cauchy differences equaled to zero. We show
that in the case of two Cauchy differences, the condition of absolute continuity and differentiability
of the two functions involved implies that one of them must be linear, i.e. we have a trivial solution.
In the case of the product of three Cauchy differences the situation changes drastically: there exists
non trivial C∞ solutions, while in the case of real analytic functions we obtain that at least one of
the functions involved must be linear. Some open problems are presented.
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On alienation of two functional equations of quadratic type (again)

We deal with an alienation problem for an Euler-Lagrange type functional equation

f(αx+ βy) + f(αx− βy) = 2α2f(x) + 2β2f(y)

assumed for fixed nonzero real numbers α, β, 1 6= α2 6= β2, and the classic quadratic functional
equation

g(x+ y) + g(x− y) = 2g(x) + 2g(y).

We were inspired by papers of Chang Il Kim, Giljun Han & Seong-A. Shim [3] and M.Eshagi
Gordji & H. Khodaei [2], where the special case g = γf was examined, as well as by a suggestion
of Bessenyei Mihály [1].
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Computer assisted studies of functional equations and inequalities

During the last 30 years, computer assisted methods were applied in investigations of functional
and inequalities by several researchers. Among others, solutions of general two variable linear
functional equations were determined and further studies of linear equations were performed by
computer, regularity properties of certain functional equations were tested, furthermore, various
classes of means were studied with the help of such methods. In this talk, we present a systematic
survey of these results.
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Generalized classical weighted means and some related problems
(joint work with Janusz Matkowski)

Under some simple conditions on real function f defined on an interval I, the two-variable functions
given by the following formulas

Af (x, y) := f (x) + y − f (y) , Gf (x, y) :=
f (x)

f (y)
y and Hf (x, y) :=

xy

f (x) + y − f (y)
,

for all x, y ∈ I, generalize, respectively, the classical weighted arithmetic, geometric and harmonic
means. In fact these means are symmetric, if and only if they coincide with A,G, H, respectively.
The invariance identity

G ◦ (Af , Hf ) = G,

extending the Pythagorean harmony proportion and confirming the adequacy of the generalized
means, allows to conclude the suitable complementariness of Af and Hf with respect to G, and
determine the convergence of sequence of the iterates of the mean-type mapping (Af , Hf ) to (G,G).
Moreover, for each of the classical symmetric means A,H,G and for the above generalized means
Af , Gf , Hf we prove the existence and uniqueness of the respective complementary mean, we
give its explicit formula, as well as the limit of the sequence of iterates of the relevant mean-type
mappings. We also give solutions of some special cases of the invariance equation involving the
above generalized classical weighted means.

Karol Gryszka m
Pedagogical University of Krakow, Poland

On the divergence of continuous functions
(joint work with Paweł Pasteczka)

For a family of continuous functions f1, f2, . . . : I → R (I is a fixed closed interval) with f1 ≤ f2 ≤
. . . define a set

If :=
{
x ∈ I : lim

n→∞
fn(x) = +∞

}
.

We study the properties of the family of all admissible If -s and the family of all admissible If -s
under the additional assumption

lim
n→∞

∫ y

x
fn(t) dt = +∞ for all x, y ∈ I with x < y.

The origin of this problem is the limit behaviour of quasiarithmetic means.
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Polynomial identities satisfied by generalized polynomials

The study of additive mappings from a ring into another ring which preserve squares was initiated
by G. Ancochea in [1] in connection with problems arising in projective geometry. Later, these
results were again strengthened by (among others) Kaplansky [4] and Jacobson–Rickart [3]. It was
G. Ancochea who firstly dealt with the connection of Jordan homomorphisms and homomorphisms,
see [1] and its related results [3], [4], [5]. Roughly speaking, all the investigated problems were of the
following form: Let R and R′ be (commutative) rings and P ∈ R[x] and Q ∈ R′[x] be polynomials.
Determine all those additive functions that also satisfy

f
(
P (x)

)
= Q

(
g(x)

)
for all x ∈ R. Clearly, this problem is meaningful if instead of additive functions, generalized
monomials are considered. According to this remark, the talk will be devoted to the following
problem: let n be a positive integer, F be a field and P ∈ F[x] and Q ∈ C[x] be polynomials.
Determine those generalized polynomials f, g : F→ C of degree n that also fulfill equation

f
(
P (x)

)
= Q

(
g(x)

)
for each x ∈ F. As it turns out, the difficulty of such problems heavily relies on that we consider
the above equation for generalized polynomials or for (normal) polynomials. Therefore, firstly we
study the connection between these two notions.
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Grzegorz Guzik
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On geometric rate of convergence for generalized random iterations
(joint work with Rafał Kapica)

Fix m ∈ N. Let (X, %) be a a complete and separable metric space and (Ω,Σ,P) be a probability
space. We consider a generalized iterated function system with constant probabilities (GIFSP), i.e.
P–continuous family F = {fω : Xm → X : ω ∈ Ω}.
Given an infinite word ω∞ = (ωn)n∈N ∈ Ω∞ we define a (random) ω∞–trajectory of a GIFSP F
starting from x1, . . . , xm ∈ X as a sequence (xn)n∈N of points from X defined by

xn+m = fωn(xn, . . . , xn+m−1) for n ∈ N. (1)

The above formula is a generalization of well known iteration process for so–called random valued
functions studied by many authors on the ground of functional equations as well as operator theory.
We study the long–time behavior of random trajectories (1) of GIFSP with arbitrary number of
transformations. To do this we discover the theory of limiting behavior for the pretty large class
of operators of Markov–type acting on the product of spaces of Borel measures on X. We show
the simple criterion on the existence of the unique invariant measure for such operator (asymptotic
stability). Moreover, we prove that this unique measure is a probability one with the first moment
finite, it attracts all trajectories of distributions under the action of the operator in the sense of
the Hutchinson–Wasserstein norm as well in the weak topology. The rate of convergence is the
geometric one.
One can apply this result for studying asymptotic behavior of solutions of stochastic difference
equations with multiple delays, for example in the case when such equation is a discretization of
stochastic differential Itô one.
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László Horváth m
University of Pannonia, Hungary

Refinements of the integral Jensen’s inequality generated by finite or infinite
permutations

There are a lot of papers dealing with applications of the so called cyclic refinement of the discrete
Jensen’s inequality. A significant generalization of the cyclic refinement, based on combinatorial
considerations, has recently been discovered. In the present talk we give the integral versions of
these results. On the one hand, a new method to refine the integral Jensen’s inequality is developed.
Furthermore, the result contains some recent refinements of the integral Jensen’s inequality as ele-
mentary cases. Finally, some applications to the Fejér inequality (especially the Hermite-Hadamard
inequality), quasi-arithmetic means and f -divergences are presented.
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Remarks on classes A,B, C

Ger and Kuczma [4] introduced the following three families of sets in X:

• A(X) of all subsets T ⊂ X such that any mid–convex function f : D → R defined on a convex
open subset D ⊂ X containing T is continuous if sup f(T ) <∞;

• B(X) of all subsets T ⊂ X such that any additive function f : X → R with sup f(T ) <∞ is
continuous;

• C(X) of all subsets T ⊂ X such that any additive function f : X → R is continuous if the set
f(T ) in bounded in R.

It is clear that
A(X) ⊂ B(X) ⊂ C(X). (1)

By the example of Erdős [2] (discussed in [4]) the classes B(X) and C(X) are not equal even if
X = Rn, n ∈ N. On the other hand, Ger and Kominek [3] proved that A(X) = B(X) for any Baire
topological vector space X. In particular, A(Rn) = B(Rn) for every n ∈ N (cf. [5]).
There are lots of papers devoted to the problem of recognizing sets in the families A(X), B(X) or
C(X). Some recent results in [1] allow us to give some further examples of sets which are (not) in
A(X), B(X) or C(X).
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Justyna Jarczyk
University of Zielona Góra, Poland

On generalized Archimedes–Borchardt algorithm
(joint work with Witold Jarczyk)

We investigate convergence and invariance properties of the generalized Archimedes-Borchardt
algorithm. The main tool is reducing the problem to an appropriate Gauss iteration process.

20

https://doi.org/10.4064/dm812-2-2021
https://doi.org/10.4064/dm812-2-2021


Witold Jarczyk
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Form of semiflows of pairs of weighted quasi-arithmetic means
(joint work with Dorota Głazowska, Justyna Jarczyk and Janusz Matkowski)

We start with a reformulation of Theorem 4 from the paper [1], more friend for our consecutive
considerations than the original one. It provides a clear description of a general form of semiflows
of pairs of weighted quasi-arithmetic means, with time running through the set D+ of all positive
dyadic numbers (see Theorem 1). Because of the density of D+ in (0,+∞) we obtain the form of
all continuous semiflows of such a type, over (0,+∞) (see Corollary 2).

In the second part of the talk we present an equivalent version of Theorem 1 from the paper [2]
and observe that this statement runs contrary to Corollary 2. The reasons of such a situation are
presented.

Finally we ask if the assumption of the continuity of semiflow is essential for the validity of Corol-
lary 2.
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Algebraic methods in functional equations – beyond the regularity conditions

In [2, 3] it has been shown how algebraic and geometric methods can be used to solve an open prob-
lem posed in [1]. We shall shortly describe an example which demonstrates that when considering
associative functions, algebraic methods can go much beyond even the most general regularity con-
dition which is assumed in functional equations, namely the continuity of the solution, and one can
still obtain all solutions. Moreover, the domain of the functions in our example is not necessarily a
real interval either, it can be any linearly (totally) ordered set. The applied techniques (the theory
of residuated semigroups) often work on lattices and even on partially ordered sets.
Under the following conditions we describe all solutions of the associativity equation

F
(
x, F (y, z)

)
= F

(
F (x, y), z

)
- for x, y ∈ X such that F (x, y) = F (y, x),
- the domain of the function F is X ×X, X is any linearly ordered set,
- there exists t ∈ X such that F (x, t) = x,
- for any x, y ∈ X there exists the greatest element F→(x, y) of the set {z ∈ X : F (x, z) ≤ y}
- for x ∈ X, F→(F→(x, t), t) = x,
- F→(t, t) = t.
Or using an infix notation x ∗◦ (y ∗◦ z) = (x ∗◦ y) ∗◦ z, where
- ∗◦ is a binary operation over a linearly ordered set X,
- for x, y ∈ X, x ∗◦ y = y ∗◦ x,
- there exists t ∈ X such that x ∗◦ t = x,
- for any x, y ∈ X there exists the greatest element x→∗◦ y of the set {z ∈ X | x ∗◦ z ≤ y},
- for x ∈ X, (x→∗◦ t)→∗◦ t = x,
- t→∗◦ t = t
The fourth items say that F (resp. ∗◦) is residuated. It implies that ∗◦ is monotone increasing, and
hence it can be also regarded as left-continuity.

This talk is based on the article [4].
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Approximate isometries on bounded sets

More than 20 years after Fickett [2] attempted to prove the Hyers-Ulam stability of isometries
defined on a bounded subset of Rn in 1982, Alestalo et al. [1] and Väisälä [4] improved the Fickett’s
theorem significantly. In this lecture, using a more intuitive and efficient approach, first used in the
paper [3], we improve Fickett’s theorem by proving the Hyers-Ulam stability of isometries defined
on a bounded subset of Rn.
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Charaterization of quasi-arithmetic means without regularity
(joint work with Pál Burai and Patrícia Szokol)

In this talk we recall the classical result of Aczél for the characterization of quasi-arithmetic means.
We analysis the regularity assumption of this construction and we show that every bisymmetric,
partially strictly monotonic, reflexive and symmetric function F : I2 → I is continuous, where I is
a proper subinterval of R. This talk is based on the article [1] and the book [2].
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On a functional–difference inclusion induced by some iterated function system
(joint work with Grzegorz Guzik)

In [1, Part II, Chapter 1] the following functional–difference equations with continuous–time argu-
ment

x(t+ 1) = f
(
x(t)

)
(1)

is considered. In general, here above f is a given continuous function of some compact space X
into itself and x : [0,∞)→ X is unknown. One can see that solutions of (1) depend on an arbitrary
function. More precisely, having a function ϕ : [0, 1]→ X and putting

x|
[0,1]

:= ϕ (2)

one can get uniquely the solution x on the whole semiline [0,∞) by the formula

x(t+ n) = fn ◦ ϕ(t) for n ∈ N. (3)

In particular, if ϕ is a continuous function and the initial condition

ϕ(1) = f
(
ϕ(0)

)
. (4)

is assumed, the solution x of (1) is continuous.
The most interesting aspect is a study of asymptotic behaviors of graphs of a sequence (fn ◦ ϕ)
of compositions of iterates fn with an ’observable’ function ϕ in a proper Hausdorff metric or the
topology of uniform convergence. In many cases such graphs tend to the graph of some set–valued
function (with closed graph) rather than to the graph of a single–valued continuous function.
Moreover, it is remarkable that usually the asymptotic behavior of such a sequence of graphs
strongly depends on a choice of a function ϕ.
In various models of real systems the given function is not uniquely determined but either can be
chosen from some family (finite or not) by a deterministic or random algorithm, or it is determined
with some error. Hence it seems quite reasonable to consider the following inclusion

x(t+ 1) ∈ f
(
x(t)

)
(5)

instead of the equality (1). Here f : X  X is a given set–valued function which can represent a
union of all functions possibly chosen.
In the present talk we consider the inclusion (5) with set–valued function f generated by an iterated
function system, i.e. a finite family of continuous mappings of X into itself, which is assumed to
possess an attractor (a fractal set). Our main result says that under quite typical assumptions on
a given iterated function system we get a simple asymptotic behavior of graphs of compositions
fn ◦ ϕ, n ∈ N which is, surprisingly, independent on a choice of an ’observable’ ϕ.
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Approximately order zero maps between C∗-algebras

A bounded linear operator φ : A → B acting between two C∗-algebras is called an ε-order zero
map, provided that ‖φ(x)φ(y)‖ ≤ ε‖x‖‖y‖ for all positive x, y ∈ A with xy = 0. This terminology
arises naturally from the theory of order zero maps and nuclear dimension of C∗-algebras devel-
oped by Winter and Zacharias in [2] and [3]. In that theory, completely positive order zero maps
(i.e. preserving zero products of positive elements) correspond to usual partitions of unity in the
commutative setting, and they serve as building blocks for the notion of nuclear dimension which
is a noncommutative analogue of the topological covering dimension.
During the talk, we will report on selected results from [1] which yield some structural proper-
ties of ε-order zero maps concerning approximate Jordan-like equations and almost commutation
relations. The main goal is to decide, for a given pair (A,B) of C∗-algebras, whether and under
what conditions any ε-order zero map φ : A→ B can be approximated by an approximate Jordan
∗-homomorphism, with both errors of approximation depending only on ‖φ‖ and ε. As we shall
explain, this is for instance possible in the case where the codomain algebra B is finite-dimensional.
In particular, if B = Mn(C) is the n × n matrix algebra, then for an arbitrary C∗-algebra A, any
0 < ε ≤ 1, and any positive ε-order zero map φ : A → Mn(C), there exist a corner C∗-subalgebra
C ⊆Mn(C) and a bounded linear operator Φ: A1 → C defined on the unitization of A satisfying

‖φ− Φ‖ ≤ 37‖φ‖4/5ε1/16

and such that either Φ = 0 or Φ(1) is invertible in C in which case the operator Φ(1)−1Φ( · ) is
an approximate Jordan ∗-homomorphism with an error δ estimated by

δ = O(256n)‖φ‖ε1/16.

A similar result is valid in the case where A is commutative, B is arbitrary and φ : A→ B is assumed
to be a surjective self-adjoint ε-order zero map. In this situation however, an approximating
operator takes values in a corner subalgebra of the bicommutant B′′.
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On a construction of iterative roots of a Brouwer homeomorphism

We present a method of construction of continuous orientation preserving iterative roots of a
Brouwer homeomorphism under the assumption that for this homeomorphism there exists a family
of pairwise disjoint invariant lines covering the plane which satisfies a matching property. The roots
are constructed recursively for a family of maximal parallelizable regions, each of which is the union
of the invariant lines. The matching property is used to obtain the continuity of the constructed
iterative roots.
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Vector-valued invariant means and projections from the bidual space

Invariant means on amenable groups are an important tool in many parts of mathematics, especially
in harmonic analysis. Invariant means and their generalizations for vector-valued functions play
also an important role in the stability of functional equations and selections of set-valued functions.
Some generalization of the invariant mean for vector-valued functions was investigated in [2] and
the existence of such means is connected with reflexive spaces.
Some generalized definition of an invariant mean has been used by many mathematicians as a
folklore (e.g. by A. Pełczynski [5]). The explicit form of this definition we can find, e.g. in the
work of R. Ger [3]. The space of all bounded functions from a set S into a Banach space X is
denoted by `∞(S,X).

Definition. Let (S,+) be a left [right] amenable semigroup, X be a real Banach space. A linear
map M : `∞(S,X)→ X is called left [right] X-valued invariant mean if

||M || ≤ 1,

M(c1S) = c, c ∈ X,
M(af) = M(f), a ∈ S, f ∈ `∞(S,X),

[M(fa) = M(f), a ∈ S, f ∈ `∞(S,X), ]

where

af(x) = f(a+ x), a, x ∈ S, f ∈ `∞(S,X),

[fa(x) = f(x+ a), a, x ∈ S, f ∈ `∞(S,X).]

If M is a left and right invariant mean, then M is called X-valued invariant mean.

If in the above definition norm of map M is equal at most λ ≥ 1, then M is called X-valued
invariant λ-mean.
The existence of such invariant means for a fixed Banach space and for all amenable semigroups
has been studied by H.B. Domecq [1, Theorem 2] (his paper has a gap in the proof which was
corrected by T. Kania [4]).
In this talk we will show a connection between the existence of X-valued invariant λ-means on X
and projections from subspaces of bidual space X∗∗ (with large enough density) onto X.
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Extreme contraction from the perspective of multi-smoothness

In this talk we explore a relation between extreme contraction and multi-smoothness of bounded
linear operators on polyhedral Banach spaces. Using this relation we describe extreme contractions
on two-dimensional polygonal Banach spaces. We provide a large class of Banach spaces X,Y such
that for each extreme contraction T : X → Y there is an extreme point x ∈ X such that Tx is an
extreme point of Y. We also show how the discussed approach helps us to explicitly compute the
number of extreme contractions on some Banach spaces. This talk is based on the paper [1].
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On Hyers-Ulam-Rassias stability of certain partial differential equations and
integral equations

In the first part we will present the Ulam-Hyers stability and Ulam-Hyers-Rassias stability for the
Darboux-Ionescu problem. This part is based on the article [1] .
In the second part we will present some results for a Volterra-Hammerstein integral equation with
modified arguments: existence and uniqueness, integral inequalities, monotony and Ulam-Hyers-
Rassias stability. This part is based on the article [2].
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Uniform convexity of direct sums and interpolation spaces

A natural question in the theory of direct sums and interpolation spaces is whether given property
of Banach spaces can be preserved under passing to a direct sum or an interpolation space.
In this talk, we will recall the well known theory of uniform convexity.
Subsequently, we will present the estimation of the modulus of convexity and characteristic of
convexity of a general direct sum of Banach spaces.
Next, interpolation spaces obtained with the use of the general discrete interpolation method based
on an abstract space with an unconditional basis will be introduced. We will give also conditions
which guarantee such interpolation spaces be uniformly convex.
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Remarks on fixed point theorem

A generalization of Browder-Göhde-Kirk fixed point theorem and its application will be presented.
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Alternative equations for quadratic functions
(joint work with Zoltán Boros)

Kominek, Reich and Schwaiger [2] investigated additive functions that satisfy the additional equa-
tion

f(x)f(y) = 0 (1)

for every (x, y) ∈ D, considering various subsets D of R2, involving, for instance, the graphs of
polynomials and the unit circle.
The result for the unit circle was extended to the case when f is a generalized polynomial by Boros
and Fechner [1]. On the other hand, Kutas [3] proved the existence of a not identically zero additive
function f that satisfies (1) whenever xy = 1 .
Motivated by these preliminaries, we investigate quadratic functions f that satisfy (1) for every
(x, y) ∈ D, considering various subsets D of R2. For the case when D is the graph of a polynomial,
we establish the following statement.

Theorem 1. If n ∈ N , aj ∈ R (j = 0, 1, . . . , n− 1) and the quadratic function f : R→ R satisfies
the equation

f(x) · f

(
xn +

n−1∑
k=0

akx
k

)
= 0

for every x ∈ R , then f(x) = 0 identically.

While Kutas’ counterexample for the hyperbola xy = 1 can be easily extended to quadratic func-
tions, we can establish a positive result for another hyperbola.

Theorem 2. If f : R → R is a quadratic function fulfilling f(x)f(y) = 0 whenever x2 − y2 = 1 ,
then f(x) = 0 identically for every x ∈ R .
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Redistributing algorithms and Shannon’s Entropy
(joint work with Eleutherius Symeonidis)

The mathematical problems discussed in our talk arise in the framework of time series analysis,
namely in the analysis of temperature values measured during compartment fire experiments. The
permutation entropy is used for such analysis, and the underlying permutations were established us-
ing redistributing algorithms. We investigate how Shannon’s entropy changes when the distribution
probability is modified by means of redistributing algorithms.
Let a probability distribution P = (p1, ..., pn) be such that it has at least k nonzero components
pn−k+1, ..., pn (1 ≤ k ≤ n − 1). We are interested to find the best (largest) domain ∆ ⊂ Rk such
that

H (p1, ..., pn−k, pn−k+1, ..., pn) ≥ H (0, ..., 0, 1/k, ..., 1/k)

for all P with (pn−k+1, ..., pn) ∈ ∆.
We mention the following immediate consequences of interest, which we assume that are already
known (we have not found any reference for them yet):
Let n, k and p be fixed. The entropy H (p1, ..., pn−k, p, ..., p) attains its maximum at

p1 = ... = pn−k−1 = pn−k =
1− kp
n− k

,

and its minimum if there is j = 1, ..., n− k such that pj = 1− kp.
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On some properties of Meir-Keeler operators

The first purpose of this talk is to prove that, in a Banach space X, a Meir-Keeler operator f
(singlevalued or multivalued) is a norm-contraction. Then, using this result, we will give sufficient
conditions assuring that the field 1X − f , generated by f , is surjective. It also contains surjectivity
theorems for singlevalued and, respectively, multivalued Meir-Keeler operators. In the last part we
present an application for the previous results. Our results generalize some well-known theorems
of this type for Banach/Nadler type contractions, see [5] and [2], as well as other results of this
type for generalized contractions, see also [1], [3], [6], [7].

We will present a new surjectivity theorem for a singlevalued Meir-Keeler operator. The approach
is based on the norm-contraction operator theory and on the well-known theorem of A. Granas [4].

Theorem 1. Let (X, ‖ · ‖) be a Banach space and Y be a nonempty, closed and convex subset of
X. Let us consider the operator f : Y → Y satisfying the following assumptions:

1. f restricted to any bounded set in Y is compact;

2. f is a Meir-Keeler operator.

Then 1Y − f is a surjective operator.

Our main result concerning the surjectivity of the multivalued field generated by a Meir-Keeler
operator is the following theorem.

Theorem 2. Let (X, ‖ ·‖) be a Banach space and Y be a nonempty, closed and convex subset of X.
Let us consider the multivalued operator T : Y → Pcp,cv(Y ) satisfying the following assumptions:

1. for each A ∈ Pb(X) the set T (A) is relatively compact;

2. T is a Meir-Keeler operator.

Then, the field 1Y − T generated by T is surjective.
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On the order determining property of the norm of a Kubo-Ando mean in
operator algebras

Recently, several papers have been published concerning preservers of norms of means on function
algebras and operator algebras. In our approach to the study of those transformations and in the
proofs of our results the key point was an order determining property of the norms of the considered
means.
Motivated by that, in a current paper we have initiated the investigation of the mentioned property
in a general setting. The aim of this talk is to report on the obtained results concerning the question
of when the operator norm of a Kubo-Ando mean σ determines the order on the positive definite
cone of an operator algebra. More precisely, the question asks when, for any given pair A,B of
positive definite elements of the underlying algebra, we have that A ≤ B holds if and only if
‖AσX‖ ≤ ‖BσX‖ is valid for all positive definite elements X. Our study is not completed, besides
presenting results we formulate open problems.
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Iterative root problem for continuous functions of non-monotonicity height 1

In this paper, we define the non-monotonicity height for any continuous self-maps on a compact
interval and prove some interesting properties of the non-monotonicity height of non-PM functions.
We obtain necessary and sufficient conditions for the existence of iterative roots for a class of
continuous functions of non-monotonicity height 1.
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Fixed point results on relational metric spaces with applications to
Hyers-Ulam stability and nonlinear matrix equations

Throughout this talk, we will develop some fixed point results for FG-contractive mappings on
complete metric spaces equipped with any binary relation (not necessarily a partial order). Addi-
tionally, the Ulam-Hyers stability, well-posedness, and limit shadowing properties of this issue are
examined. We use the aforementioned fixed point result to find the solution to a non-linear matrix

equation of the form X = Q+
m∑
i=1

A∗iG(X )Ai, where Q is a Hermitian positive definite matrix, A∗i

stands for the conjugate transpose of an n× n matrix Ai and G is an order-preserving continuous
mapping from the set of all Hermitian matrices to the set of all positive definite matrices such that
G(O) = O. We explore the necessary and sufficient criteria for the existence of a unique positive
definite solution to a particular matrix problem. Through several demonstrations using graphical
representations, we demonstrate the fixed-point conclusions and the relevance of related work, as
well as the convergence analysis of non-linear matrix equations.

Definition . [1] The collection of all functions F : R+ → R satisfying:
(F1) F is continuous and strictly increasing;
(F2) for each {ξn} ⊆ R+, lim

n→∞
ξn = 0 iff lim

n→∞
F(ξn) = −∞,

will be denoted by F.
The collection of all pairs of mappings (G, β), where G : R+ → R, β : R+ → [0, 1), satisfying:
(F3) for each {ξn} ⊆ R+, lim sup

n→∞
G(ξn) ≥ 0 iff lim sup

n→∞
ξn ≥ 1;

(F4) for each {ξn} ⊆ R+, lim sup
n→∞

β(ξn) = 1 implies lim
n→∞

ξn = 0;

(F5) for each {ξn} ⊆ R+,
∞∑
n=1
G(β(ξn)) = −∞,

will be denoted by Gβ.

We call (X ,R) a relational set if (i) X 6= ∅ is a set and (ii) R is a binary relation on X .
In addition, if (X , d) is a metric space, we call (X , d,R) a relational metric space (RMS, for short).

Definition . Let (X , d,R). A mapping RMS and T : X → X is said to be a FG-contractive
mapping, if there are F ∈ F and (G, β) ∈ Gβ, such that for (ν, ϑ) ∈ X with (ν, ϑ) ∈ R∗,

F(d(T ν, T ϑ)) ≤ F(Θ(ν, ϑ)) + G(β(Θ(ν, ϑ))),

where Θ(ν, ϑ) = max
{
d(ν, ϑ), d(ν, T ν), d(ϑ, T ϑ), d(ν,T ϑ)+d(ϑ,T ν)

2

}
and R∗ = {(ν, ϑ) ∈ R | T ν 6=

T ϑ}. We denote by (FG)R the collection of all FG-contractive mappings on (X , d,R).

Theorem 1. Let (X , d,R) be an RMS and T : X → X . Suppose that the following conditions hold:
(i) X(T ,R) 6= ∅; (ii) R is T -closed and T -transitive; (iii) X is T -R-complete; (iv) T ∈ (FG)R;
(v) = is R-continuous or (vi) R is d-self-closed. Then there exists a fixed point ν∗ ∈ X of T .
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Remarks on set-valued means

Let X be a real vector space and D be a convex nonempty subset of X. Denote by S(D) the family
of all nonempty subsets of D. We say that a function M : Dn → S(D) is a set-valued mean if

M(x1, . . . , xn) ⊂ conv{x1, . . . , xn},

for all x1, . . . , xn ∈ D.

Set-valued counterparts of the arithmetic, quasi-arithmetic and Lagrangian means are investigated
and various properties of them are presented. In particular, the following result is presented.

Theorem. Let f, g → J be strictly increasing functions such that f is concave and g is convex.
Assume that f ≤ g on I and F (x) = [f(x), g(x)] holds for all x ∈ I. Then the map AF : : In →
S(I) given by

AF (x1, . . . , xn) = F+

(
1

n

n∑
i=1

F (xi)

)
, x1, . . . , xn ∈ I,

and the map LF : I2 → S(I) given by

LF (x1, x2) =

{
F+
(

1
x2−x1

∫ x2
x1
F (x)dx

)
if x1 6= x2

{x1} if x1 = x2

are set-valued means.
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On some new functional equations characterizing polynomial functions

This is a continuation of the talk presented by Maciej Sablik and containing the theoretical results
of the functional equations belonging to the class (1)

F (x+ y)− F (x)− F (y) =

m∑
i=1

(aix+ biy)f(αix+ βiy) (1)

where F, f : R −→ R are unknown functions and for each i ∈ {1, . . . ,m} the numbers ai, bi ∈ R
and αi, βi ∈ Q are given.

We observed that solving even simple equations belonging to class (1) needs a long and tiresome
calculation. Therefore, we developed an algorithm written in the computer algebra system Maple
which takes into account the theoretical results to determine the polynomial solutions of the func-
tional equations belonging to the class (1) (cf. also [1], [2] and [3]).
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On characterization of affine differences and related forms

In the talk we consider the problem of characterizing affine differences and some related expressions.
We use functional equations to characterize expressions ω : X ×X × [0, 1]→ Y of the form

ω(x, y, t) = tf(x) + (1− t)f(y)− f(tx+ (1− t)y), x, y ∈ X, t ∈ [0, 1],

where f : X → Y is an arbitrary function and X, Y are real linear spaces.
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Tilted solutions of the Gołąb-Schinzel functional equation in Banach algebras
(joint work with Nicholas Hugh Bingham)

In R the Gołąb-Schinzel functional equation, briefly: (GS), has continuous solutions affine:

S(x) = 1 + ρx on GS := {x : 1 + ρx > 0} ⊆ R.

Question: For S with values in a Banach algebra A: what form does a solution S have on

G∗S(A) := {x ∈ A : S(x) ∈ A−1}, or on GS(A) := {x ∈ A : S(x) ∈ A1},

for A−1 the invertible elements and A1 the connected component of the identity?

S is affine iff A-differentiable (for A−1 dense): compare [2]. Below S is Fréchet differentiable with
derivative S′(0)u at 0 in direction u. Define the following

N(x) : = S(x)− 1A − ρx for ρ := S(1A)− 1A (x ∈ G∗S , assuming S(1A) ∈ A−1);

λu(t) : = (etγ(u) − 1)/(eγ(u) − 1) for γ(u) := S′(0)u with L’Hospital convention;
T (u) : = u(eγ(u) − 1)/γ(u) for u ∈ A (the ‘exponential tilting’ map).

Characterization Theorem (Curvilinear exponential homogeneity). For S a Fréchet dif-
ferentiable solution of (GS), N satisfies a (Levi-Civita-style) Goldie equation:

N(x+ S(x)y) = N(x) + S(x)N(y) (x, y ∈ G∗S).

Furthermore, for all u ∈ A with spectrum spec(γ(u)) not separating 0 from ∞ :

N(u(etγ(u) − 1)/γ(u)) = λu(t)N(u(eγ(u) − 1)/γ(u)) (t ≥ 0),

N(tu) = t1AN(u) = tN(u) (t ≥ 0) when 1 ∈ exp(spec(γ(u))).

So T exhibits ‘curvilinear exponential homogeneity’ under N : N(T (tu)) = λu(t)N(T (u)).

Corollary. N := {x : S(x) = 1A} is linear if, for all large v, one of ±v = T (u) is soluble.

Theorem (Maximal linear subspace characterization). With assumptions as before,

H := {x ∈ A : (∀t ∈ R) N(tx) = tN(x)} = {u ∈ A : S′(0)u = 0}⊆ N .

So if N is linear, then N = H and N is linear on N . For M complementary to N with πM, πN
corresponding projections:

N(x) = N(πN (x)) +N(πM(x)). (+)

Key Tools: GS(A) a Popa group under x ◦S y := x+ S(x)y and the symbolic calculus. See [1].
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New advances on some inequalities in inner product spaces

Probably, the most known inequality related to inner product spaces is Cauchy-Schwarz inequality
which states that the module of inner product of two vectors is not greater than product of norms
of that vectors. The inequality is closely related to other, more sophisticated, inequalities of that
type as Bessel’s, Grüss’, Gram’s or Hadamard’s inequalities.
The theory of such inequalities plays an important role in modern mathematics together with
numerous applications for Nonlinear Analysis, Approximation and Optimization Theory, especially
Engineering Optimization, Numerical Analysis, Probability Theory, Statistics, Theoretical Physics
and other fields. The Schwarz and Grüss inequalities have been frequently used for obtaining
bounds or estimating the errors in various approximation formulas occurring in the above domains.
Thus, any new advancement will have a number of important consequences in the mathematical
fields where inequalities are basic tools. New versions of classic inequalities also stimulates further
developments of the more general theory of functional equations and inequalities.
The presentation basing on papers [1] - [5] is mainly devoted to reverses of Cauchy-Schwarz’s
inequality and consequences for other related inequalities. Cauchy-Schwarz inequality is valid for
arbitrary vectors of the space, whereas its reverses hold true under certain restrictions and usually
define upper bounds for the product of (squared) norms of two vectors reduced by (squared)
module of inner product of these vectors. Applications to reverse Bessel’s inequality, the reverse
triangle inequality for norms and Grüss type inequalities are given and refinements of the famous
Hadamard’s inequality about determinants are presented.
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Limit theorems for deviation means of independent and identically
distributed random variables
(joint work with Mátyas Barczy)

Motivated by the Kolmogorov Strong Law of Large Numbers and the Lindberg–Lévy Central Limit
Theorem, furthermore by some recent results of de Carvalho [1] concerning quasiarithmetic means
and Barczy–Burai [2] concerning Bajraktarević means, replacing the arithmetic mean of a sequence
of indpendent and identically distributed random variables by a deviation mean (cf. [3]), we obtain
generalizations of the above mentioned limit theorems.
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On the Riemannian approach to integral means

Adapting the notion of Riemann integral, for every weighted mean we define the corresponding
lower and upper integral means. We show that such approach preserves most of properties of
means, for example monotonicity and convexity/concavity.
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k-smoothness of operators on infinite-dimensional spaces

In this talk we characterize k-smoothness of bounded linear operators defined between infinite-
dimensional Hilbert spaces. The characterization of k-smoothness of bounded linear operators on
arbitrary Banach space is still elusive. We try to address the problem in the setting of both finite
and infinite-dimensional Banach spaces. This talk is based on the articles [1], [2].
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Existence and Stability Results in Fixed Point Theory
(joint work with Gabriela Petruşel)

The purpose of this talk is to present some new results in metric fixed point theory for single-valued
and multi-valued operators. The case of graphical (orbital) contractions will be considered. We
will discuss existence of the fixed point, as well as data dependence, well-posedness, Ostrowski
stability property and Ulam-Hyers stability of the fixed point problem. In the case of the stability
properties associated to the fixed point problem, the approach will put in the light the role of the
retraction-displacement condition.
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Best constant in Ulam Stability

In this talk I present results on the best Ulam constant for some functional equations and some
linear operators.
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On the Raşa inequality for higher-order convex functions

This talk is based on the article [2]. We study the following (q − 1)th convex ordering relation for
qth convolution power of the difference of probability distributions µ and ν

(ν − µ)∗q ≥(q−1)cx 0, q ≥ 2,

and we obtain the theorem providing a useful sufficient condition for its verification. We apply this
theorem for various families of probability distributions and we obtain several inequalities related
to the classical interpolation operators. In particular, taking binomial distributions, we obtain a
new, very short proof of the inequality given recently by Abel and Leviatan [1].

Theorem 1 ([1]). Let q, n ∈ N, q ≥ 2 and x, y ∈ [0, 1]. If f ∈ C([0, 1]) is a (q−1)-convex function,
then

sgn(x− y)q
n∑

ν1,...,νq=0

q∑
j=0

(−1)q−j
(
q

j

)( j∏
i=1

pn,νi(x)

) q∏
i=j+1

pn,νi(y)


× f

(
ν1 + . . .+ νq

qn

)
≥ 0, (1)

where
pn,i(x) =

(
n

i

)
xi(1− x)n−i, 0 ≤ i ≤ n.

Inequality (1) is a generalization of inequality stated by Ioan Raşa as an open problem in [4] and
proved in [3].

Theorem 2 ([3]). Let n ∈ N and x, y ∈ [0, 1]. Then

n∑
i=0

n∑
j=0

(pn,i(x)pn,j(x) + pn,i(y)pn,j(y)− 2pn,i(x)pn,j(y)) f

(
i+ j

2n

)
≥ 0

for all convex functions f ∈ C([0, 1]).
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A functional equation related to Appell polynomials and Heun functions
(joint work with Ana Maria Acu)

We are concerned with functional equations of the form

ω(x)y′n(x) = nω′(x)
(
yn(x)− yn−1(x)

)
, (1)

where ω is a given function on an interval I. First, using the theory of Appell polynomials we
determine all the solutions of (1). Then we present equations of type (1) for which the solutions
are log-convex. Some polynomial Heun functions are log-convex solutions of such equations. We
investigate the properties of the involved Appell polynomials and apply the results to the associated
Jakimovski-Leviatan operators. Our results extend and generalize results from [1]-[4].
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Some results on distributionally chaotic points
(joint work with Francisco Balibrea)

The distributionally chaotic point (DC point for short) is introduced in [1] as a point whose arbi-
trarily small neighbourhood contains an uncountable distributionally chaotic set, which is bounded
by a special envelope. In this talk we extend the result from [1] and we show that for continuous
interval maps, positive topological entropy implies existence of uncountably many DC points. Also
we show that this result cannot be extended to higher class of maps, particularly to continuous
triangular maps of the square.
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On some new functional equations characterizing polynomial functions
(joint work with Chisom Prince Okeke)

We are considering the following class of equations

F (x+ y)− F (x)− F (y) =
m∑
i=1

(aix+ biy)f(αix+ βiy), (1)

where F, f : R→ R are unknown functions and for each i ∈ {1, . . . ,m} the numbers ai, bi ∈ R and
αi, βi ∈ Q are given.
Equation (1) is a far going extension of the equation considered by Włodzimierz Fechner and Eszter
Gselmann, namely

F (x+ y)− F (x)− F (y) = xf(y) + yf(x), (2)

which was studied by the authors in [1]. Together with Timothy Nadhomi and Tomasz Szostok we
studied in [2] the following extension of (2)

n∑
i=1

γiF (αix+ βiy) = xf(y) + yf(x). (3)

The results have been published in [2].
We present a method of solving equations of type (1), based on a Lemma contained in [2].
This is the theoretical part of the talk which has been divided into two parts. The second will be
presented by Chisom Prince Okeke.

References

[1] Fechner, Włodzimierz, and Eszter Gselmann. "General and alien solutions of a functional equa-
tion and of a functional inequality." Publ. Math. Debrecen 80, no. 1-2 (2012): 143-154.

[2] Nadhomi, Timothy, Chisom Prince Okeke, Maciej Sablik, and Tomasz Szostok. "On a new
class of functional equations satisfied by polynomial functions." Aequat. Math. (2021). https:
//doi.org/10.1007/s00010-021-00781-2

45

https://doi.org/10.1007/s00010-021-00781-2
https://doi.org/10.1007/s00010-021-00781-2


Debmalya Sain m
Indian Institute of Science, Bangalore, India

Best approximations from the perspective of orthogonality

We plan to discuss an application of Birkhoff-James orthogonality in studying the best approx-
imation problem in Banach spaces. This allows us to obtain some interesting distance formulae
for both compact operators and vectors. The advantage of our method over the classical duality
principle, especially from a computational point of view, will also be discussed. This talk is based
on my recent article [1]
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On even orthogonally additive mappings
(joint work with Justyna Sikorska)

In 1990 György Szabó proved:If an orthogonality space (X,⊥) in the sense of Rätz [3] and of
dimension at least 3 over the field of real numbers admits a nontrivial even orthogonally additive
mapping E : X → Y into some Abelian group Y , then X is equivalent to an inner product space (cf.
[4]). Using methods from projective geometry (cf. [1], [2]) we prove a stronger theorem consisting
of several equivalent assertions about (X,⊥) and valid for arbitrary ordered groundfields K. Note
that Dilian Yang has proved in [5] an analogue of Szabó’s theorem for the case of dimension two.
However, this case requires different methods.
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A class of functional equations associated with almost periodic functions

During this talk we shortly describe how to get a class of functional equations involving a countable
set of terms, summed by the well known Bochner-Fejér summation procedure, which are closely
associated with the set of Bohr’s almost periodic functions. First, we discuss the case of a finite
number of terms in connection with exponential polynomials, including the initial motivation with
the partial sums of the Riemann zeta function. Secondly, in conjunction with the study of some
particular properties and solutions, we progressively extend the expression of our functional equa-
tions to the case of a countable set of terms, and we finally show that the zeros of a prefixed almost
periodic function determine analytic solutions of such a functional equation associated with it. This
talk is based on the articles [1], [2], [3] and [4].
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Periodic points of asymmetric Bernoulli shifts

In 1964, Sharkovskii [4] firstly introduced a special ordering on the set of positive integers. This
ordering implies that if p / q and a self-map of a closed bounded interval has a point of period p,
then it has a point of period q. The least number with respect to this ordering is 3. Thus, if a map
has a point of period 3, then it has points of any periods. In 1975, the latter result was rediscovered
by Li and Yorke [1]. Then numerous papers are devoted to the study of interval maps (see, e.g.
[2], [3], [5] and references therein)
Consider asymmetric Bernoulli shift F : [0, 1]→ [0, 1] with a parameter 0 < a < 1, defined by

F (x) :=

{
x
a , 0 ≤ x ≤ a,
x−a
1−a , a < x ≤ 1.

Given a positive integer n, one interesting question is how to find all n-periodic points of F . The
other is how many n-periodic points of F .
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On a generalized n-linear equation
(joint work with Anna Bahyrycz)

General linear functional equations have been studied for years. During the talk we shall discuss
their counterpart for multivariable functions.
Let X,Y be linear spaces over a field K and f : Xn → Y . For some fixed aji ∈ K\{0}, Ci1...in ∈ K
for all j ∈ {1, . . . , n}, i, ik ∈ {1, 2}, k ∈ {1, . . . , n}, we consider the following equation

f(a11x11 + a12x12, . . . , an1xn1 + an2xn2) =
∑

1≤i1,...,in≤2

Ci1...inf(x1i1 , . . . , xnin), (∗)

for all xjij ∈ X, j ∈ {1, . . . , n}, ij ∈ {1, 2}.
We determine the general solution of (∗) and as special cases we obtain some results for multi-
Cauchy, multi-Jensen and multi-Cauchy-Jensen equations.
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Global bounds for the generalized Jensen functional with applications
(joint work with Vesna Todorčević)

Recall that the Jensen functional Jn(p,x;h) is defined on an interval I ⊆ R by

Jn(p,x;h) :=
n∑
i=1

pih(xi)− h
( n∑
i=1

pixi
)
,

where h : I → R, x = (x1, x2, · · · , xn) ∈ In and p = {pi}ni=1 is a positive weight sequence.

If h is a convex function on I, then the inequality 0 ≤ Jn(p,x;h) holds for each x ∈ In and any
positive weight sequence p.

Supposing that x ∈ [a, b]n ⊂ In, our aim in this paper is to find some global bounds for the
generalized Jensen functional

Jn(p,x; g, h) := g
( n∑
i=1

pih(xi)
)
− g
(
h
( n∑
i=1

pixi
))
,

i.e. the bounds which does not depend on p or x but only on a, b and functions g and h.

In this sense, a typical result is given by the following

Theorem. Let h : I → J be convex and g : J → R be an increasing function. Then

0 ≤ Jn(p,x; g, h) ≤ max
p

[g(ph(a) + (1− p)h(b))− g(h(pa+ (1− p)b))].

We give some applications regarding A− G −H inequalities, where

A(p,x) :=
∑

pixi; G(p,x) :=
∏

xpii ; H(p,x) := (
∑

pi/xi)
−1,

are the generalized arithmetic, geometric and harmonic means, respectively.

For example, let x ∈ [a, b]n, 0 < a < b. Then 0 ≤ A(p,x)−H(p,x) ≤ 2(A(a, b)−G(a, b));

1 ≤ A(p,x)

H(p,x)
≤
(A(a, b)

G(a, b)

)2
; 1 ≤ G(p,x)

H(p,x)
≤ I(a, b)L(a, b)

G2(a, b)
;

0 ≤ A(p,x)− G(p,x) ≤ A(a, b)− L(a, b) + L(a, b) log
L(a, b)

G(a, b)
; 1 ≤ A(p,x)

G(p,x)
≤ I(a, b)L(a, b)

G2(a, b)
,

where A,G,H,L, I stands for the arithmetic, geometric, harmonic, logarithmic and intrinsic means
of positive numbers a and b, respectively. All bounds above are best possible.

Open problem. Find the best possible global converse for G(p,x)−H(p,x).
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Functional equations, moment functions and Bell polynomials
(joint work with Żywilla Fechner and Eszter Novák-Gselmann)

During this talk we present how to describe moment function sequences of higher rank on commu-
tative groups and on polynomial hypergroups. This talk is based on the articles [2] and [3].
The description depends on certain functional equation systems which generalize some binomial-
type functional equation systems considered and solved in [1]. For the general description we use
Bell polynomials.
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Hermite - Hadamard type inequality for certain Schur convex functions
(joint work with Pál Burai and Judit Makó)

In the presentation we investigate symmetric, continuous n-variable functions that satisfy a prop-
erty, which can be considered as a Hermite-Hadamard type inequality. In the main result we prove
that such functions are necessarily Jensen-convex. It turns out, that the key tool of the proof is
a Korovkin-type approximation theorem, which will be presented in the talk, as well. Finally, we
present some applications of our main theorem.
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On some class of means

We consider means connected with quadrature rules of numerical integration. Then the func-
tions which generate weighted arithmetic mean in this way are characterized and some inequalities
between different means of this type are proved.
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Computer assisted investigation of the alienness of linear functional equations
(joint work with Attila Gilányi)

The concept of the alienness and the strong alienness of functional equations was introduced by
J. Dhombres in [3]. The properties were investigated by many authors during the last years (cf.,
e.g. [4], [5], [7]).
In this talk, we present a computer program, developed in the computer algebra system Maple,
which investigates the alienness and the strong alienness of linear functional equations of the type

n+1∑
i=0

fi(pix+ qiy) = 0 (x, y ∈ X),

where n is a positive integer, p0, . . . , pn+1 and q0, . . . , qn+1 are rational numbers, X,Y are linear
spaces and f0, . . . , fn+1 : X → Y are unknown functions.
Our application is based on a computer program developed for the solution of linear functional
equations of the type above, presented in [6] (cf. also [1] and [2]).
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Some local fixed point results and applications for generalized contractions

The purpose of this work is to present some local fixed point results, under weaker assumptions,
for three types of generalized contractions: Ćirić-Reich-Rus, Chatterjea and Berinde. As applica-
tions we will present open mapping principles and continuation results for the three aforementioned
classes of contractions. For example, let us consider the class of Ćirić-Reich-Rus generalized con-
tractions.

Definition . Let (X, d) be a metric space. We say that an operator f : X → X is a Ćirić-Reich-Rus
contraction if there exist α, β ∈ R+ with α+ 2β < 1 such that we have

d(f(x), f(y)) ≤ αd(x, y) + β [d(x, f(x)) + d(y, f(y))] , for all x, y ∈ X. (1)

The local fixed point theorem related to Ćirić-Reich-Rus contractions is the following one.

Theorem 1. Let (X, d) be a complete metric space, x0 ∈ X, a positive number r and let
f : B(x0; r)→ X be a Ćirić-Reich-Rus type contraction. If

d(x0, f(x0)) <
1− α− 2β

1− β
r, (2)

then the sequence
(
fn(x0)

)
n∈N converges to a point x∗ which is a fixed point for the Ćirić-Reich-Rus

contraction f . Moreover, the fixed point is unique.

As applications of our result, we will give open mapping principles and continuation results.
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On preserving the relaxed polygonal inequality

During the presentation we investigate the families of functions of the form f : [0,+∞)→ [0,+∞)
which preserve the relaxed polygonal inequality, introduced by Fagin et al. in [4]. Formally speak-
ing, the definition of this concept is as follows:

Definition. Relaxed polygonal inequality
Let (X, d) be a semimetric space. If there exists γ > 1 such that

∀n∈N ∀x1,...,xn∈X d(x1, xn) 6 γ ·
n−1∑
k=1

d(xk, xk+1), (1)

then we say that d satisfies the relaxed polygonal inequality (rpi in short) with the relaxation
constant γ.

We investigate the families of functions which can be composed with any semimetric sat-
isfying rpi to obtain another semimetric with this property (such mappings will be called (P )-
preserving). In general, the concept of property-preserving functions was introduced as early as in
1947 by Sreenivasan [5], but most profound results were formulated by Slovakian mathematicians
– Borsík and Doboš (e.g. [1], [2], [3]).
We would like to discuss two theorems which give equivalent conditions for f to be (P )-preserving.

Firstly, we introduce the easily-verifiable characterization for increasing (P )-preserving func-
tions. Then we introduce some special finite tuples of positive real numbers which are meant
to resemble distances between points in some semimetric space satisfying rpi. These so-called
γ-polygons will be then used in our second characterization of (P )-preserving mappings. In par-
ticular, we will prove that every such mapping has to satisfy f−1

[
{0}
]

= {0} and for any K1 > 1,
there exists K2 such that f maps every K1-relaxed polygon to K2-relaxed polygon.
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New adaptive method of the approximate integration

The classical Simpson’s composite rule induces an adaptive method of the approximate integration,
which stops an algorithm whenever some control expression containing the fourth derivative of an
integrand is less from a desired precision of computation. Sometimes it is difficult to estimate this
derivative. Then finding an algorithm which does not require any derivatives seems to be useful.
Clenshaw and Curtis described in 1960 (without any proof) and Rowland and Varol examined in
1972 a method based precisely on the Simpson’s rule. This is a starting point of our considerations.
In the talk we introduce another method, which involves some convex combination of the Simpson’s
rule and the Chebyshev quadrature. The objects of our research are so-called convex functions of
order three. We present the results of the numerical experiments which convince us that our
adaptive method requires considerably less subpartitions of the interval of integration than the
classical methods.
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Algebraic methods in spectral synthesis on discrete abelian groups

During this talk we present some applications of classical results of commutative algebra to estab-
lished results and open problems in the area of spectral synthesis on discrete abelian groups. We
can say more. Let G be an Abelian group and let V be a variety in CG. Spectral synthesis holds on
V if every subvariety is the closure of its finite-dimensional subvarieties. We can show something
more:

Theorem. Let V be a variety on the Abelian group G. Let R = CG/V ⊥. For a maximal ideal M
of R, let WM =

⋃
n∈N

(Mn)⊥. If spectral synthesis holds on V , then:

1. The variety V is spanned by the varieties WM , M running over the maximal ideals of R.

2. For each M , WM has a subvariety UM spanned by finite-dimensional subvarieties annihilated
by a power of M .

3. For each M , WM is the closure of U together with subvarieties of dimension bounded by some
integer N depending only on M .

Let U be any R-module. We say that U is finitary if, for every x ∈ R and u ∈ U , there is
0 6= f ∈ C[x] such that uf = 0.

Lemma. If R has a faithful finitary module, then local spectral synthesis holds on V .

Local spectral synthesis (see [2]) is the property of being the closure of the linear span of functions
restricting to polynomials on any finitely generated subgroup. We finish by discussing potential
converses of the above lemma.
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Generalized orthogonality equation
(joint work with Tomasz Kania and Tomasz Kobos)

During this talk we show that every map between finite-dimensional normed spaces of the same
dimension that respects fixed semi-inner products must be automatically a linear isometry. More
precisely, the main results is as follows:

Theorem 1. Let X and Y be normed spaces with fixed semi-inner products [·|·]X , [·|·]Y , respec-
tively. Suppose that f : X → Y is a function such that

[f(x)|f(y)]Y = [x|y]X , x, y ∈ X.

If either
(a) X and Y have the same finite dimension, or
(b) X has a Schauder basis (ei) and

(
f(ei)

)
is a Schauder basis of Y ,

then f is a linear isometry.

Moreover, we construct a uniformly smooth renorming of the Hilbert space `2 and a continuous
injection acting thereon that respects the semi-inner products, yet it is non-linear.

Sebastian Wójcik
University of Rzeszów, Poland

Quasi-arithmetic type means generated by the generalized Choquet integral

We introduce a class of quasi-arithmetic type means generated by the generalized Choquet integral.
They are related to the notion of certainty equivalent under Cumulative Prospect Theory and
play a significant role, e.g. in a utility-based insurance contracts pricing (cf. [2]). We establish
the characterizations of the equality, positive homogeneity, and translativity for such means. In
particular, we generalize some results in [1].
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An invariance problem with six unknown functions
(joint work with Zsolt Páles)

Given two continuous functions f, g : I → R such that g is nowhere zero on I and the ratio function
f/g is strictly monotone on I, the weighted two-variable Bajraktarević mean Bf,g : I2 × R2

+ → I is
defined by

Bf,g((x, y), (t, s)) :=

(
f

g

)−1( tf(x) + sf(y)

tg(x) + sg(y)

)
(x, y ∈ I; s, t ∈ R+).

The purpose of this talk is to solve the invariance of a Bajraktarević mean with respect to two
weighted Bajraktarević means. In more details, we intend, under higher order regularity assump-
tions, to solve the functional equation

ϕ
(
Bf,g((x, y), (t, s))

)
+ ϕ

(
Bh,k((x, y), (s, t))

)
ψ
(
Bf,g((x, y), (t, s))

)
+ ψ

(
Bh,k((x, y), (s, t))

) =
ϕ(x) + ϕ(y)

ψ(x) + ψ(y)
(x, y ∈ I),

or equivalently,∣∣∣∣∣ ϕ
(
Bf,g((x, y), (t, s))

)
+ ϕ

(
Bh,k((x, y), (s, t))

)
ϕ(x) + ϕ(y)

ψ
(
Bf,g((x, y), (t, s))

)
+ ψ

(
Bh,k((x, y), (s, t))

)
ψ(x) + ψ(y)

∣∣∣∣∣ = 0 (x, y ∈ I),

where f, g, h, k, ϕ, ψ : I → R are unknown continuous functions such that g, k, ψ are nowhere zero on
I, the ratio functions f/g, h/k, ϕ/ψ are strictly monotone on I, and s, t are fixed different positive
numbers. This invariance problem is more general than the functional equation investigated in [3].
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On a linarization of Koopmans recursion and its application in economics

Let X be a metric space. Let � be a binary relation on infinite product X∞ and U : X∞ → R
be a continuous surjection, such that (x0, x1, x2, . . .) � (y0, y1, y2, . . .) ⇔ U(x0, x1, x2, . . .) ≥
U(y0, y1, y2, . . .). This means that the relation � is represented by the utility function U . Here,
the space X is treated as a set of consumption outcomes, (x0, x1, x2, . . .) ∈ X∞ as a sequence of
outcomes consumed over time and the relation � describes the preference of choice of outcomes.
We assume that U satisfies the Koopmans recursion U(x0, x1, x2, . . .) = ϕ(x0, U(x1, x2, . . .)), where
ϕ : X × R → R is a continuous function strictly increasing in its second variable. This is a fun-
damental axiom in the preference theory in economics (see [1]). Moreover, we assume that �
satisfies the property of the preference called "impatience", that is for all n ≥ 1, a, b ∈ Xn and
for all (x0, x1, . . .) ∈ X∞, (a, a, a, . . . ) � (b, b, b, . . .) ⇔ (a, b, x0, x1, . . .) � (b, a, x0, x1, . . .) (see [2]
). We consider the Koopmans problem, when the relation � can be represented by another utility
function V satisfying the affine recursion V (x0, x1, x2, . . .) = α(x0)V (x1, x2, . . .) +β(x0). We prove
that this property holds if and only if there exists a homeomorphic solution F of the system of
simultaneous linear functional equations F (ϕ(x, t)) = α(x)F (t) + β(x), x ∈ X, t ∈ R for some
functions α, β : X → R. If � satisfies impatience, then we give necessary and sufficient conditions
that ensure its representation by an affine utility function.
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Iteration and Equations

Iteration, repeating the same, is a simple operation, but it is important in the informatic era and
difficult because of its nonlinearity. This talk surveys the recent advances on iteration and frac-
tional iteration. Furthermore, the advances on various classes of iterative equations are introduced.
We also discuss related topics on embeddability of discrete dynamical systems and input-to-state
stability of continuous dynamical systems.
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New solutions to the Matkowski–Wesołowski problem

The Matkowski–Wesołowski problem asks for continuous monotone solutions ϕ : [0, 1] → [0, 1] of
the equation

ϕ(x) = ϕ
(x

2

)
+ ϕ

(
x+ 1

2

)
− ϕ

(
1

2

)
such that ϕ(0) = 0 and ϕ(1) = 1.
This talk is based on joint work with Janusz Morawiec, [1]. The goal is to present solutions of this
problem that are not Hölder continuous.
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