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Mirosªaw Adamek
University of Bielsko-Biala, Poland

On Hermite-Hadamard type inequalities for F -convex functions

Let I be a nonempty and open interval of R and F : R → R be a �xed function. A function
f : I → R will be called F -convex if

f (tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− t(1− t)F (x− y)

for all x, y ∈ I and t ∈ (0, 1).
The classical Hermite-Hadamard inequality says that for any convex function f : I → R
we have

f

(
x+ y

2

)
≤ 1
y − x

∫ y

x
f(u)du ≤ f(x) + f(y)

2

for all di�erent x, y ∈ I.
In this talk we present Hermite-Hadamard type inequalities for F -convex functions.
As a consequence of our investigations we get the following inequality

f

(
x+ y

2

)
+

1
y − x

∫ y

x
F

(
u− x+ y

2

)
du ≤ 1

y − x

∫ y

x
f(u)du ≤ f(x) + f(y)

2
− 1

6
F (x− y)

for all di�erent x, y ∈ I.
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Nutefe Kwami Agbeko
University of Miskolc, Hungary

On some lattice-valued equations and inequalities

Since early 90's we have considered lattice-valued functions and operators de�ned on diverse sets
with algebraic structures, by replacing the addition with lattice operations. In this perspective, the
addition in the de�nition of the probability measure as well as in the de�nition of the Lebesgue's in-
tegral (or mathematical expectation) is substituted with the supremum operation and the so-de�ned
functions (optimal measure, resp. optimal average) behave similarly like their counterparts in Mea-
sure Theory. From 2012 the Cauchy functional equation has also been studied for lattice-valued
functions (which we can term lattice-valued Cauchy functional equation), where the supremum re-
places the addition in the Cauchy functional equation, focusing on the Ulam's type stability. The
main goal of our presentation is to talk about morphisms between sets with an algebraic structure
and an order structure, through associated functional equations and inequalities: we discuss the
separation problem for the inequalities and the Hyers-Ulam stability of the main equation.
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Pekka Alestalo
Aalto University, Finland

Sharp extension results for bilipschitz maps

An L-bilipschitz map f : A→ Rn satis�es the double inequality

‖x− y‖/L ≤ ‖f(x)− f(y)‖ ≤ L‖x− y‖

for all x, y ∈ A ⊂ Rn. For topological reasons, these maps cannot usually be extended to a
homeomorphism F : Rn → Rn. In the other extreme, it is sometimes possible to �nd an L-
bilipschitz extension F with the same constant L. We present some positive results and examples
related to this problem.
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Alina Ramona Baias
Technical University of Cluj-Napoca, Romania

On the best Ulam constant of a third order linear di�erence equation

Let X be a Banach space over the �eld K ∈ {R, C}. We give a result on Ulam stability for the
linear di�erence equation

xn+3 = axn+2 + bxn+1 + cxn, n ≥ 0, (1)

where a, b, c ∈ K, x0, x1, x2 ∈ X. Moreover, if all the roots of the characteristic equation of (1)
have the modulus greater then 1, we obtain the best Ulam constant of the equation.
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Karol Baron
Uniwersytet �l�aski, Poland

Remarks on continuous solutions of an iterative functional equation

Assume X is a real separable Hilbert space, Λ : X → X is linear and continuous with ‖Λ‖ < 1,
and µ is a probability Borel measure on X with �nite �rst moment. We examine continuous at
zero solutions ϕ : X → C of the equation

ϕ(x) = µ̂(x)ϕ(Λx).

Liviu C dariu-Br iloiu
Politehnica University of Timi³oara, Romania

Generalized Hyers-Ulam stability of some functional equations

The aim of this talk is to present several generalized Hyers-Ulam stability properties for some
functional equations, by using the �xed point method.
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Jacek Chudziak
University of Rzeszów, Poland

Convexity and quasi-convexity of the zero utility principle

Assume that X+ is a family of all non-negative bounded random variables on a given probability
space. The elements of X+ represent the risks to be insured by an insurance company. An important
question of the theory of insurance risk premiums is to assign to every X ∈ X+ a premium for the
insurance contract. One of the methods of determining the premium is the zero utility principle.
It de�nes the premium for a risk X ∈ X+ as a real number Hu(X) satisfying equation

E[u(Hu(X)−X)] = 0 (1)

where u : R → R is a strictly increasing continuous function with u(0) = 0. It turns out that, for
every X ∈ X+, such a number Hu(X) exists and it is unique. Therefore equation (1) determines
in an implicit way a functional Hu : X+ → R.
Several results concerning properties of the functional Hu can be found e.g. in [1, 2, 3] and [6]. It
is known that, for every strictly increasing continuous function u : R→ R satisfying u(0) = 0, Hu

is monotone and conditionally translation invariant. However, in general, it is not convex. In this
talk we present a characterization of convexity and quasi-convexity of Hu. A fundamental role in
our investigations is played by quasideviation means (cf. [4, 5]).
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Wªodzimierz Fechner
Lodz University of Technology, Poland

Sincov's inequalities on topological spaces

During the talk we will discuss the multiplicative Sincov's inequality:

G(a, b) ≤ G(a, x) ·G(x, b), a, x, b ∈ X .

We assume that X is a topological space and G is a continuous map. We also study the reverse
inequality:

F (a, b) ≥ F (a, x) · F (x, b), a, x, b ∈ X

and the additive version of the original inequality:

H(x, z) ≤ H(x, y) +H(y, z), x, y, z ∈ X.

A corollary for generalized metric is derived.
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Roman Ger
Silesian University of Katowice, Poland

On convex type functional inequalities

The lecture focuses on some weak regularity requirements forcing the automatic continuity of real
convex functionals on normed spaces and, more generally, on locally convex linear topological
spaces, supporting and separation theorems (i.e. geometric counterpats of various generalizations
of the celebrated Hahn-Banach extension theorem). In some situations, groups will be considered
as potential domains and the related problem of their classi�cation with respect to the question
whether or not they admit invariant means (amenability).

Because of the signi�cant role and good geometry of strictly convex spaces some characterizations
of them in terms of solutions of the fundamental Cauchy functional equation assumed to be satis�ed
modulo a norm with the emphasis given to the factorization of these solutions into the additive
and isometric parts. Several further necessary and su�cient conditions for the strict convexity of
the given space will be analyzed as well along with some characterizations of inner product spaces
with the aid of suitable iterations of the di�erence operators.

Delta-convex mappings between normed linear spaces provide a generalization of functions which
are representable as a di�erence of two convex functions to the case of vector valued maps. Fol-
lowing L. Veselý and L. Zajiček, (Delta-convex mappings between Banach spaces and applications,

Dissertationes Math. 289, Polish Scienti�c Publishers, Warszawa, 1989) we show that this class
of mappings has very good properties proving that a generalization proposed is well established.
Strict connections with the Hyers-Ulam stability in the theory of functional equations and inequal-
ities will be revealed. We look also for possibly mild regularity conditions upon the maps whose
vector convex di�erences are controlled by their scalar counterparts, forcing these maps to be delta-
convex. Finally, vector analogues of the celebrated Hermite-Hadamard type inequalities will also
be presented.

Moshe Goldberg
Technion�Israel Institute of Technology, Israel

Extending the spectral radius to �nite-dimensional power-associative algebras

The purpose of this talk is to introduce a new concept, the radius of elements in arbitrary �nite-
dimensional power-associative algebras over the �eld of real or complex numbers. It is an extension
of the well known notion of the spectral radius.
As examples, we shall discuss this new radius in the setting of matrix algebras, where it indeed
reduces to the spectral radius, and then in the Cayley-Dickson algebras, where it is something quite
di�erent.
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Richárd Grünwald
University of Debrecen, Hungary

Characterization of the equality of generalized Bajraktarevi¢ means

The purpose of the talk is to investigate the equality problem of generalized Bajraktarevi¢ means,
i.e., to solve the functional equation

f (−1)

(
p1(x1)f(x1) + · · ·+ pn(xn)f(xn)

p1(x1) + · · ·+ pn(xn)

)
= g(−1)

(
q1(x1)g(x1) + · · ·+ qn(xn)g(xn)

q1(x1) + · · ·+ qn(xn)

)
, (*)

which holds for all x = (x1, . . . , xn) ∈ In, where n ≥ 2, I is a nonempty open real interval, the
unknown functions f, g : I → R are strictly monotone, f (−1) and g(−1) denote their generalized
left inverses, respectively, and p = (p1, . . . , pn) : I → Rn

+ and q = (q1, . . . , qn) : I → Rn
+ are

also unknown functions. This equality problem in the symmetric two-variable (i.e., when n = 2)
case was already investigated and solved under sixth-order regularity assumptions by Losonczi in
1999. In the nonsymmetric two-variable case, assuming three times di�erentiability of f , g and the
existence of i ∈ {1, 2} such that either pi is twice continuously di�erentiable and p3−i is continuous
on I, or pi is twice di�erentiable and p3−i is once di�erentiable on I, we prove that (*) holds if and
only if there exist four constants a, b, c, d ∈ R with ad 6= bc such that

cf + d > 0, g =
af + b

cf + d
, and q` = (cf + d)p` (` ∈ {1, . . . , n}). (1)

In the case n ≥ 3, we obtain the same conclusion with weaker regularity assumptions. Namely, we
suppose that f and g are three times di�erentiable, p is continuous and there exist i, j, k ∈ {1, . . . , n}
with i 6= j 6= k 6= i such that pi, pj , pk are di�erentiable.
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László Horváth
University of Pannonia, Hungary

Sharp Gronwall-Bellman type integral inequalities with delay

Various attempts have been made to give an upper bound for the solutions of the delayed version of
the Gronwall-Bellman integral inequality, but the obtained estimations are not sharp. In this talk a
new approach is presented to get sharp estimations for the nonnegative solutions of the considered
delayed inequalities. The results are based on the idea of the generalized characteristic inequality.
Our method gives sharp estimation, and therefore the results are more exact than the earlier ones.

Eliza Jabªo«ska
Pedagogical University of Kraków, Poland

Haar 'small' sets in abelian Polish groups

It is well known [1] that a subset A of an abelian Polish group X is called Haar null if there are a
universally measurable set B ⊂ X with A ⊂ B and a Borel probability measure µ on X such that
µ(x + B) = 0 for all x ∈ X. In [2] Darji introduced another family of "small" sets in an abelian
Polish group X; he called a set A ⊂ X Haar meager if there is a Borel set B ⊂ X with A ⊂ B, a
compact metric space K and a continuous function f : K → X such that

f−1(B + x) is meager in K for every x ∈ X.

In a locally compact group these two de�nitions are equivalent to de�nitions of Haar measure zero
sets and meager sets, respectively. That is why we can say that the notion of a Haar meager set is
a topological analog to the notion of a Haar null set. Since lots of similarities between meager sets
and sets of Haar measure zero are well known in locally compact groups (see e.g. [3]), we would
like to present some analogies between Haar meager sets and Haar null sets.
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Suresh Kumar Murugan
The Gandhigram Rural Institute-Deemed University, India

Series-Like Iterative Functional Equation for PM Functions

It has been proved that the series-like iterative functional equation of the form
∑∞

n=1 λnf
n(x) =

F (x) has solution provided F is strictly monotone. In this paper, we extend this problem for
the class of piecewise monotone functions. We obtained su�cient conditions on the existence of
continuous solutions for the class of piecewise monotone functions using the method of character-
istic interval. Also as an application we construct a everywhere continuous nowhere di�erentiable
function on the real line.
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Zbigniew Le±niak
Pedagogical University of Kraków, Poland

On �xed points of functions with values in a dq-metric space
( joint work with Janusz Brzd¦k and El-sayed El-hady)

We present a �xed-point theorem for an operator acting on some classes of functions with values
in a dq-metric space and show its applications to prove the stability in Ulam sense of some types
of functional and di�erence equations. The �xed points of such operators turn out to be exact
solutions of the considered equations that meet the imposed conditions.
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Renata Malejki
Pedagogical University of Kraków, Poland

On Ulam stability of a generalization of the Fréchet functional equation on a

restricted domain

In this paper we prove the Ulam type stability of a generalization of the Fréchet functional equation
on a restricted domain. In the proofs the main tool is a �xed point theorem for some function spaces.
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Janusz Matkowski
University of Zielona Góra, Poland

Quasi-Cauchy di�erence means

Quasi-Cauchy di�erence means of:
(i) additive type, i.e. the functions of the form

Mf (x1, ..., xk) = F−1 (f (x1 + ...+ xk)− (f (x1) + ...+ f (xk))) ,

where F (x) = f (kx)− kf (x) ;
(ii) exponential type, i.e. the functions of the form

Ef (x1, ..., xk) = F−1
(
f
( k∑
j=1

xj

)
−

k∏
j=1

f (xj)
)
,

where F (x) = f (kx)− [f (x)]k ;
(iii) logarithmic type, i.e. the functions of the form

Lf (x1, ..., xk) = F−1
(
f
( k∏
j=1

xj

)
−

k∑
j=1

f (xj)
)

where F (x) := f
(
xk
)
− kf (x) ;

(iv) of power type, i.e. the functions of the form

Pf (x1, ..., xk) = F−1
(
f
( k∏
j=1

xj

)
−

k∏
j=1

f (xj)
)
,

where F (x) := f
(
xk
)
− [f (x)]k , as well as the respective functions with di�erence replaced by

division, will be considered.
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Janusz Morawiec
University of Silesia, Poland

Around a Kazimierz Nikodem result - part I
( joint work with Thomas Zürcher)

Let (X,A, µ) be a probability space and let S : X → X be a measurable transformation. Motivated
by the paper of K. Nikodem [1], we concentrate on a functional equation generating measures that
are absolutely continuous with respect to µ and ε-invariant under S. As a consequence of the
investigation, we obtain a result on the existence and uniqueness of solutions ϕ ∈ L1([0, 1]) of the
functional equation

ϕ(x) =
N∑
n=1

|f ′n(x)|ϕ(fn(x)) + g(x),

where g ∈ L1([0, 1]) and f1, . . . , fN : [0, 1] → [0, 1] are functions satisfying some extra conditions.
The results we are going to present were recently published in [2].
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Jacek Mrowiec
University of Bielsko-Biaªa, Poland

On strongly convex functions of higher order

Two given �nite sequences (b1, . . . , bm) and (c1, . . . , cm), where m ∈ N, bk ∈ {0, 1}, ck > 0,
k = 1, . . . ,m, describe a function F de�ned on a bounded interval I in the following way:

bk = 1 means that F is strongly convex of order k with modulus ck on I,

bk = 0 means that F is strongly concave of order k with modulus ck on I, k = 1, . . . ,m.

For any �xed pair of such sequences the question of existence of F arises. In the talk the construction
of the example of a function with the desired property will be presented. The case of in�nite
sequences also will be considered.
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Kazimierz Nikodem
University of Bielsko-Biala, Poland

On strongly convex functions and related classes of functions

Let D be a convex subset of a normed space and c > 0. A function f : D → R is called strongly

convex with modulus c if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− ct(1− t)‖x− y‖2

for all x, y ∈ D and t ∈ [0, 1]; f is called strongly midconvex with modulus c if

f
(x+ y

2

)
≤ f(x) + f(y)

2
− c

4
‖x− y‖2, x, y ∈ D.

Strongly convex functions are useful in optimization theory and mathematical economics. Many
properties and applications of them can be found in the literature. In my talk some results on
strongly convex functions and related classes of functions obtained by the author with co-authors
in the last few years are presented. In particular, discrete and integral Jensen-type inequalities and
a Hermite�Hadamard�type inequality for strongly convex functions are obtained. Counterparts
of the classical Bernstain�Doetsch and Sierpi«ski theorems for strongly midconvex functions are
given. New characterizations of inner product spaces involving strong convexity are obtained. A
representation of strongly Wright-convex functions and a characterization of functions generating
strongly Schur-convex sums are presented. Finally, some properties of strongly convex set-valued
maps and strongly convex stochastic processes are presented.

Diana Otrocol
Technical University of Cluj-Napoca, Romania,

T. Popoviciu Institute of Numerical Analysis, Romanian Academy, Romania

Functional equations and entropies

We consider entropies corresponding to some probability distributions and establish func-
tional/di�erential equations satis�ed by them. Connections between these entropies are studied.
As applications we investigate shape properties of the entropies and derive combinatorial identities.
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Lahbib Oubbi
Mohammed V University in Rabat, Ecole Normale Supérieure, Morocco

Hyers-Ulam stability and hyperstability of a general functional equation in

random normed spaces, a purely �xed point approach

If X is a real or complex vector space, (Y, F, TM ) is a Random normed space, and f : X → Y
a mapping, then using a purely �xed point approach, we prove the Ulam-Hyers stability and
hyperstability of the general functional equation

m∑
i=1

Aif
( n∑
j=1

aijxj

)
+A = 0.

Here f is a mapping from X into a Random normed space (Y, F, TM ), m and n are positive integers,
for every i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}, Ai and aij are scalars, and A is a vector from Y . Several
known results can be derived.
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Zsolt Páles
University of Debrecen, Hungary

Optimal error functions for approximately monotone and convex functions

Let I be a nonempty open real interval and let `(I) ∈ ]0,∞] denote its length. Given a nonnegative
error function Φ : [0, `(I)[→ R+, a function f : I → R will be called a Φ-monotone function if, for
all x, y ∈ I with x ≤ y,

f(x) ≤ f(y) + Φ(y − x).

We say that a function f : I → R is Φ-convex if, for all x, y ∈ I and t ∈ [0, 1], it satis�es the
inequality

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y) + tΦ
(
(1− t)|x− y|

)
+ (1− t)Φ

(
(t|x− y|

)
.

In the talk, we discuss the following problem: If Φ : [0, `(I)[→ R+ is an error function then
determine the smallest error function Φ∗ : [0, `(I)[→ R+ such that Φ-monotonicity and Φ-convexity
imply Φ∗-monotonicity and Φ∗-convexity, respectively.

26



Rajendra Pant
University of Johannesburg, South Africa

Viscosity Approximation methods for multi-valued nonexpansive mappings

We present some viscosity approximation theorems for multi-valued generalized nonexpansive map-
pings with applications to variational inequality, split common �xed point, split common null point
and convex mathematical programming problems. Some numerical computations will be presented
to illustrate our results.

Paweª Pasteczka
Pedagogical University of Kraków, Poland

Weakening of Hardy property for means

The aim of this talk is to �nd a broad family of means de�ned on a subinterval of I ⊂ [0,+∞)
such that

a1 + M(a1, a2) + M(a1, a2, a3) + · · · < +∞ for all a ∈ `1(I).

Equivalently, the averaging operator

(a1, a2, a3 , . . . ) 7→
(
a1, M(a1, a2), M(a1, a2, a3), . . .

)
is a selfmapping of `1(I). This property is closely related to so-called Hardy inequality for means
(which additionally requires boundedness of this operator).
We prove that these two properties are equivalent in a broad family of Gini means. Moreover, it
is shown that this is not the case for quasi-arithmetic means. However, weak-Hardy property is
localizabile for this family.
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Ulam stability of an operatorial di�erence equation

Let T be a bounded linear operator acting on a Banach space X. We obtain some results on Ulam
stability for the linear di�erence equation xn+1 = Txn + an associated to an iterative process for
the linear equation x− Tx = y. As applications we get some stability results for the case when X
is a �nite dimensional space and for the case when T is Fredholm operator.
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On some inequalities for Bernstein operators and convex functions

For n ∈ N, the Bernstein basic polynomials are given as follows

bn,i(x) =
(
n

i

)
xi(1− x)n−i (i = 0, 1, . . . , n, x ∈ [0, 1]),

the classical Bernstein operators Bn : C([0, 1])→ C([0, 1]), are de�ned by

(Bnf) (x) =
n∑
i=0

bn,i(x)f
(
i
n

)
(x ∈ [0, 1]).

The following inequality was conjectured as an open problem by I. Ra³a in [3]

n∑
i,j=0

(
bn,i(x)bn,j(x) + bn,i(y)bn,j(y)− 2bn,i(x)bn,j(y)

)
f

(
i+ j

2n

)
≥ 0 (1)

for each convex function f ∈ C
(
[0, 1]

)
and for all x, y ∈ [0, 1]. The proof of inequality (1) was given

in [2]. Ra³a [4] remarked, that (1) is equivalent to

(B2nf) (x) + (B2nf) (y) ≥ 2
n∑
i=0

n∑
j=0

bn,i(x)bn,j(y) f
(
i+ j

2n

)
. (2)

In [1] we give some generalizations of inequality (2).
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Functional equations and inequalities for the index of coincidence

Let (p0(x), p1(x), ...) be a probability distribution depending on a real parameter x. The associated
index of coincidence is S(x) :=

∑∞
k=0 (pk(x))2. The Rényi entropy and the Tsallis entropy are

de�ned by R(x) := −logS(x) and T (x) := 1 − S(x). Starting with the binomial distribution, we
establish functional equations and inequalities and use them to investigate convexity properties of
the functions S(x), R(x) and T (x). Applications and new open problems are mentioned.
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Norm attainment set of a bounded linear operator between Banach spaces

It is a topic of current interest in the geometry of Banach spaces to study the norm attainment
set of a bounded linear operator between Banach spaces. In this talk, I would like to explore
the various facets of this problem, including the case of bounded linear operators between Hilbert
spaces and Banach spaces. We would show that it is possible to completely characterize Euclidean
spaces among Minkowski spaces, in terms of the operator norm attainment set. We would further
explore the norm attainment set of a bounded linear operator between Banach spaces. Using the
concept of Birkho�-James orthogonality and semi-inner-products in Banach spaces, we completely
characterize the operator norm attainment set in the setting of Banach spaces. If time permits, we
would also like to brie�y mention the various areas of application of the norm attainment set of a
bounded linear operator, including the study of extreme contractions.
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Polynomial-coe�cient generalizations of the Levi-Civita and Wilson

functional equations
( joint work with Maciej Sablik)

Theorem

If continuous functions f1, . . . , fM : R→ C satisfy the functional equation

M∑
i=0

fi(x+ biy)Pi(x, y) =
n∑
j=1

uj(x)vj(y), bi 6= bj for i 6= j (1)

with some polynomials Pi and some continuous functions uj , vj , then each fi is a ratio of an

exponential polynomial and a polynomial:

fi(x) =
n∑
j=1

eλjxrj(x),

where rj are rational functions.

We discuss also some generalizations of equation (1).

Justyna Sikorska
University of Silesia, Poland

Various notions of orthogonality and the Cauchy functional equation

On the example of the famous Cauchy functional equation we show how various notions of or-
thogonality appear in the theory of functional equations. We give solutions of the Cauchy equation
postulated for orthogonal vectors. Applications of this conditional equation both inside and outside
mathematics constitutes a signi�cant part of the lecture. Furthermore, we plan to discuss various
aspects of stability problem. Last, but not least, some open problems concerning the topic will be
presented.
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Stolarsky means in many variables

There is a huge amount of papers investigating properties of the so-called Stolarsky (or extended)
two-parametric mean value, de�ned for positive values of x, y;x 6= y, as

Er,s(x, y) :=
(r(xs − ys)
s(xr − yr)

)1/(s−r)
, rs(r − s) 6= 0.

Those means can be continuously extended on the domain {(r, s;x, y)|r, s ∈ R;x, y ∈ R+} by the

following

Er,s(x, y) =



(r(xs − ys)
s(xr − yr)

)1/(s−r)
, rs(r − s) 6= 0;

exp
(
−1
s

+
xs log x− ys log y

xs − ys
)
, r = s 6= 0;( xs − ys

s(log x− log y)

)1/s
, s 6= 0, r = 0;

√
xy, r = s = 0;

x, y = x > 0,

and in this form are introduced by Keneth Stolarsky in [1]. There are several papers attempting
to de�ne an extension of the class E to n, n > 2 variables [1].
In this talk we shall expose two possible explicit formulae of Stolarsky means in n variables which
preserve its main properties and coincide for n = 2.
Definition 1.

Let Xn = (x1, x2, ..., xn) ∈ Rn
+. Then,

er,s(Xn) = er,s(x1, x2, ..., xn) :=
(r2
s2
xns1 + xns2 + ...+ xnsn − n(x1x2...xn)s

xnr1 + xnr2 + ...+ xnrn − n(x1x2...xn)r
) 1

n(s−r)
, rs(s− r) 6= 0.

Definition 2.

Let An = (a1, a2, ..., an), Xn = (x1, x2, ..., xn), Yn = (y1, y2, ..., yn);An, Xn, Yn ∈ Rn
+. Then,

Enr,s(An;Xn, Yn) :=
(r2
s2
a1(xs1 − ys1)2 + a2(xs2 − ys2)2 + · · ·+ an(xsn − ysn)2

a1(xr1 − yr1)2 + a2(xr2 − yr2)2 + · · ·+ an(xrn − yrn)2
) 1

2(s−r)
.

Both extensions are symmetric and monotone increasing in both parameters r and s with
er,s(x1, x2) = E1

r,s(a1;x1, x2) = Er,s(x1, x2).
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The short ruler on the general a�ne group

The restriction to the interval [0, 1] of a homomorphism h : (R,+) → (G, ◦) on a Lie group G
is a geodesic. The problem is to construct long geodesics. We assume that we have a short ruler,
which allows constructing geodesics with length L > 0. We can shorten a curve α on G using the
short ruler (reduced transformation).

Figure 1: The reduced transformation.

The reduced process (RtLα)t∈N is the iteration of this transformation. In normed vector spaces,
the reduced process converges to the straight line. On the general a�ne group Aff(1,R)�which is
a Lie group�the reduced process converges to the geodesic linking the starting point of the curve
α with its end point.
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The Small Dimension Lemma revisited

Dilian Yang [Y] used the Small Dimension Lemma about irreducible, unitary representations of a
compact group to solve d'Alembert's and Wilson's functional equations on such a group.
We present a purely algebraic generalization of the Small Dimension Lemma. By help of it we �nd
on any compact group G the solutions f, g ∈ C(G) of generalizations of d'Alembert's and Wilson's
functional equations of the form

f(xy) + µ(y)f(xy∗) = 2f(x)g(y), x, y ∈ G,

where µ ∈ C(G) is a given character of G, and x 7→ x∗ is a given, continuous involution of G.
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Orthogonality preserving property on small sets

In this report we consider a problem when the orthogonality preserving property of a linear mapping
on a small set, implies its orthogonality preserving property on the whole space. In order to
construct such sets, we introduce a concept of independent bases. We present examples and results
in �nite-dimensional real inner product spaces.

Mariusz Sudzik
University of Zielona Góra, Poland

Iterative functional equations and attractive �xed points

Let I be a nontrivial interval and f, g : I → I be given functions. We will consider the functional
equation

ϕ(x) =
ϕ
(
f(x)

)
+ ϕ

(
g(x)

)
2

under the assumption that f and g have a globally attractive �xed point. Equations of higher order
and their inhomogeneous versions will be analysed as well.
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Functional equations on in�nite joins
( joint work with �ywilla Fechner)

In this talk we present some results about basic function classes on in�nite hypergroup joins.
These results may serve as a starting point to study convolution type functional equations on
in�nite hypergroup joins using spectral synthesis.

Imke Toborg
Martin-Luther-Universität Halle-Wittenberg, Germany

On the functional equation f(x)−1 = f−1(x) on groups

In [1] David J. Schmitz introduced the notion of an inverse ambiguous function.
A bijective function from a group into itself is inverse ambiguous if and only if it is a solution of
f(x)−1 = f−1(x). In this talk we give a precise description when a �nite group admits an inverse
ambiguous function or an inverse ambiguous automorphism.
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Fixed point and applications of Hardy-Rogers type contraction

In physical world a �xed point signi�es a condition wherever a stable state or equilibrium is at-
tained. Presence of �xed point plays a signi�cant role in nonlinear analysis as numerous real-world
problems in applied science, economics, chemistry, physics, computer science and engineering can
be reformulated as a problem of �nding �xed points of nonlinear maps. The aim of this talk is
to discuss the existence of �xed point of almost alpha-Hardy-Rogers-F−contraction in a partial
metric space. Finally, some interesting examples and the solution of di�erential equation arising in
critically damped harmonic oscillator is also discussed to demonstrate the usability of results.
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Around the nonlinear Ryll-Nardzewski theorem

In this talk, we show that if S is a distal semigroup of nonexpansive mappings acting on a weak∗

compact convex subset Q of a dual Banach space with the Radon-Nikodým property, then there is a
common �xed point of S in Q. In particular, it gives a nonlinear counterpart of the Ryll-Nardzewski
theorem. As a consequence, we obtain a nonlinear extension of the Bader-Gelander-Monod theorem
concerning isometries in L-embedded Banach spaces.
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Inequalities of Levin-Steckin and Clausing

The Levin-Ste£kin inequality comes from the Appendix to the Russian translation of �Inequalities�
[3].

Theorem (Levin-Ste£kin's inequality)

If a function p : [0, 1]→ R satis�es the conditions

• p is non-decreasing in [0, 1/2],

• p is symmetric, i.e. p(x) = p(1− x),

then for every convex function ϕ the following inequality holds

1∫
0

p(x)ϕ(x)dx ≤
1∫

0

p(x)dx

1∫
0

ϕ(x)dx.

In 1980 Clausing [2] proved the following theorem.

Theorem (Clausing's inequality)

Let p be a nonnegative functions on [0, 1] satisfying the following conditions:

• p is non-decreasing on [0, 1/2],

• p is symmetric.

Then for every concave, positive function ϕ the inequality∫ 1

0
p(x)ϕ(x)dx ≤

∫ 1

0
4 min{x, 1− x}p(x)dx

∫ 1

0
ϕ(x)dx

holds.

We provide new, elementary proofs of the above theorems.

References

[1] H. Brunn, Nachtrag zu dem Aufsatz über Mittelwertssätze für bestimmte Integrale, Münchener Berichte
1903, 205�212.

[2] A. Clausing, Disconjugacy and Integral Inequalities, Trans. Amer. Math. Soc. 260 (1980), 293�307.

[3] G.H. Hardy, J.E. Littlewood , G. Polya, Inequalities, Moscow, 1948 (in Russian)

[4] V.I. Levin , S.B. Ste£kin, Inequalities, Amer. Math. Soc. Transl. (2) 14 (1960), 1�29

[5] P.R. Mercer, A note on inequalities due to Clausing and Levin-Ste£kin, J. Math. Ineq. 11(1) (2017),
163�166

[6] A. Witkowski, Inequalities of Levin-Ste£kin, Clausing and Chebyshev revisited, Elemente der Mathe-
matik, to appear.

37



Paweª Wójcik
Pedagogical University of Kraków, Poland

Semi-smooth points in space K(H1, H2)

The investigations of the smooth points in the operator spaces K(H) were started in [1]. The aim
of this report is to discuss a characterization of semi-smooth points in the compact operator space
K(H1, H2), where H1, H2 are Hilbert spaces.
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On convexity of the Swiss premium principle

The Swiss premium principle for a risk, represented by a non-negative bounded random variable
X on a given probability space, is de�ned as a unique real number Hu,c(X) satisfying equation

u((c− 1)Hu,c(X)) = E[u(cHu,c(X)−X)] (1)

where c ∈ [0, 1] and u : R → R is a strictly increasing continuous function with u(0) = 0 (cf. [1]).
In the particular cases c = 0 and c = 1 the Swiss premium principle reduces to the mean-value

principle and the zero utility principle, respectively.
In the talk, applying some results in [2, 3, 4], we present a characterization of convexity of the
functional Hu,c de�ned implicitly by (1).
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Equality problems related to Cauchy means
( joint work with Zsolt Páles)

In this talk we establish a new characterization of the equality of two-variable Cauchy means (cf. [4])
to two-variable quasi-arithmetic means (cf. [1]) under natural, and therefore, the weakest possible
regularity conditions. As an immediate application, we shed new light on the equality problem
of two-variable Cauchy means which was solved by Losonczi [3, Theorem 5] under seven times
di�erentiablity assumptions. The approach is based on the results of the paper [2].
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Around a Kazimierz Nikodem result - part II
( joint work with Janusz Morawiec)

This is joint work with Janusz Morawiec, and he will deliver part I.
In the �rst part, equations of the form

ϕ(x) =
N∑
n=1

|f ′n(x)|ϕ(fn(x)) + g(x)

will be considered. In this talk, we are changing the derivatives f ′n to some other functions gn,
looking for solutions ϕ ∈ L1([0, 1]) of

ϕ(x) =
N∑
n=1

|gn(x)|ϕ(fn(x)) + g(x).

This is not only a cosmetic change. We need new methods to tackle this kind of equations.
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Additive functions on "ax+b" group

The aim of the talk is to solve Pexider's equation f(xy) = g(x)h(y) for functions f, g, h : G → G
acting on a noncommutative group G. The equation will be completely solved in the case of a�ne
group "ax+b".
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